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In this first year of a three-year study, we reportthe abilities of groups of students from
years 7-10 to generalise numerical operational tegfies involving compensation
adjustments in the four arithmetic operations. Year 7 students, who had all participated
in the Numeracy Project, were more successful thase in other year groups in using
literal symbols to express generalities. The Yeast@ents, about half of whom with
Numeracy Project experience, were the least sutteEspite exposure to formal algebra.

A key element of the benefits experienced by aitlshts who have participated in the
Numeracy Project, (New Zealand Numeracy Profestibeaelopment Projects, 2004) has
been the growth of their number sense (see Bobal, 005. pp. 43-57; Mclintosh et al,
1997, p. 3). Improvements have occurred in studlentmber knowledge and in their
ability to respond to numerical situations by apmly sensibly and flexibly, a range of
mental operational strategies.

A class of such strategies involves a range of @sgtion actions. For example, 34 +
19 can be transformed to an equivalent 33 + 20rblifcreasing the 19 by 1 then making
a compensatory adjustment by reducing the 34 ik task illustrates compensation in
addition. Similar compensation actions can be agplhere appropriate to subtraction,
multiplication and division tasks. Students wholgpese and other operational strategies
to sensibly solve problems show an awareness afethgonship of the numbers involved
in the problem. And in our view they demonstratat tine strategy is generalisable and so
are engaging in algebraic thinking. This connechbetween an awareness of generality in
any mathematical domain and algebraic thinking &l wupported by the views of Fujii
(2003), Fujii and Stephens (2001), Kaput and Blar{001), Lee (2001), Mason (1996),
and Steffe (2001).

Fujii (2003) and Fujii and Stephens (2001) extentted link between number and
algebraic thinking by arguing further that, withine strategies that students devise as
above and in which generality of thinking is illteded, the numbers themselves act as

variables. They refer to these numbers as quaghlas, which Fujii (2003) elaborates as:
a number sentence or group of number sentencesintiaate an underlying mathematical
relationship which remains true whatever the nuimbieed are. (p. 59)

A corollary to the proposition that these numerigpérational strategies are algebraic
in nature, is that here we see algebra in arittomett algebra as a transition from
arithmetic that is typically the case in the eagondary years of school mathematics.

This work, related to using quasi-variables, watreg to a study that we carried out in
2003 to examine whether students in the numeracjegrwere more successful than
comparable children not in the project in applysegsibly a range of operational strategies
in addition, subtraction, multiplication and divasi The results of the study indicated that
they were (Irwin & Britt, in press). In 2004, weterded the earlier work to see if different
groups of students could demonstrate this algelin&ing with decimals as well as with
whole numbers. They could (Irwin & Britt, 2004).

169



We have now embarked on an investigation to comhereextent to which students,
who have patrticipated in the Numeracy Project @rinediate School and those who have
not, have extended their algebraic thinking fromasitvariables to using algebraic
variables as they progress from Year 8 (age 12utir 10 (age 14). For example, the
compensation in addition task illustrated earl@m be generalised astb=(@—-c) + (b +
c). In our view, students who show understandinthefstructure of earlier compensation
tasks in addition, and can also complate b = (a — ) + (b + ¢) successfully will have
demonstrated understanding of the role of algelwai@bles in representing the generality
of the structure of the compensation in additioategyy. We expect that Numeracy Project
students will perform better on such tasks tharse¢haho have not participated in the
project. We are nevertheless aware that givensiaaindary school algebra teaching does
not at present build on students’ understandingsoig numbers as quasi-variables, it may
be that an interference mechanism (Pesek & Kirsh2@®0) could limit the growth in
expressing generality from quasi-variables to dlgjebraic variables. We intend to explore
this and other related questions as we follow iiddial student’s pattern of achievement as
they respond to the same test items over the heeg tears.

As 2004 was the first of these three years, we aam this stage make any
longitudinal statements about students in the naayeproject. However, we can compare
year groups by looking at students who have coram fschools where the Numeracy
Project was in use with those from schools thatewwt involved in the project. We can
also look at patterns of achievement across agegro

Method
Participants

Students came from four intermediate schools, twdvellington and two in Auckland,
and their neighbouring secondary school. Whilenédirmediate schools had participated in
the Numeracy Project none of the four secondargashhad. The schools were chosen
because of the relatively close match of the deaiking (socio-economic ranking of the
school's community) of the intermediate and second&hools that most students are
likely to attend. The ethnic composition of studeat these schools is shown in Table 1.

Table 1
Characteristics of Schools in the Three Year Stafdygebraic Thinking

School Type Decile Student Asian Maori N.Z./  Other Pasifika Date of

ranking  roll European ethnicity data

Intermediate 2 216 3% 30% 46% - 21% 11.04

3 528 8% 28% 28% 12% 24% 11.03

5 628 - 17% 66% 15% 2% 6.02

6 330 3% 15% 73% 5% 4% 5.03
Secondary 3 795 4% 29% 58% - 9% 7.02

4 1435 11% 23% 45% - 21% 5.04

5 1493 6% 14% 71% 6% 3% 11.04

7* 1253 3% 18% 73% 2% 4% 8.02

*no tests given in 2004

For reasons that suited the schools, three inteatgedchools gave the test to all
students in three or four classes, usually selebtedhe willingness of the teacher to
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participate. The fourth school taught mixed clasgesgear 7 and Year 8 so decided to give
the test to all students. Altogether, 98 Year detiis were assessed. One secondary school
chose not to participate in 2004 but is expectelieanvolved in 2005 and 2006. Three
secondary schools gave the test to their Year @sts and two schools gave it to their
Year 10 students. Details of the sample are predantTable 2.

Table 2
Number of Schools and Students Participating inr Yeaf the Study

Year Number of Decile of Number of students

Schools  the school participating
7 1 2 98
8 4 2,3,5,6 317
9 3 3,4,6 781
10 2 4,6 549

Materials

A test of algebraic thinking with four sectionsd#bn, multiplication, subtraction and
division, was devised by the first author and keilwith Year 8 students in a decile 10
intermediate school and with Year 9 and 10 student&o secondary schools (one decile
3 and the other decile 10). Each section included txemplar models showing
compensation adjustments and five items requirindents to make adjustments similar to
those in the models but with an increasing leveluntlerstanding of number and of
algebraic generality. For example, in Section Aoiming compensation in addition,
students were to uskason’s methadillustrated by 27 + 15 being transformed to 302+
giving a total of 42 and also 34 + 19 being transied to 33 + 20 for a total of 53. The
five students’ items were in order: 298 + 57, 35%79.8, 58 +n = 60 + O,
9.9 +k=10 +0, anda+ b= (a + ¢) + 1. The five items in each of the other sections were
similar to these items in that they progressed ffost using whole numbers as quasi-
variables, then decimal fractions as quasi-vargabkfore generalising with a mix of whole
and decimal numbers as well as literal symbols. flited item in each section required
students to complete an algebraic identity witkrét symbols only.

Procedure

The teachers administered the test towards theetite fourth school term in normal
class time on a day that suited them. Students imsteucted to read the shaded section
with the two exemplars carefully, write the ansivethe space below each question, and to
not use a calculator. Graduate students, who rsdt@umpleted their pre-service secondary
mathematics teacher education programmes, marledesits under the guidance of the
authors. Responses were credited as correct ifftileyved the structure of the exemplars.

Results

Tables 3 through 5 and Figures 1 through 5 showp#reentage of students in each
year group that solved each item in the mannestiifted by the exemplars.

We were surprised at the marked difference betwean groups in the percentage of
students with some literal items correct. Graphsdifferent year groups are given in
Figure 1.
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Table 3
Overall Percentage of Items Completed Accurately &gr Group

Year Mean Modal % of students with some
score score literal items correct
7 4.95 1 46%
8 5.2 3 26%
9 3.9 0 18%
10 5.7 0 31%

Year 7

90% —
=t addition

80% <>

70% \ —-—multlpllca.uon
60% - subtraction
50% - -\ =8 division
40%

3096 | -\-\

20%

10%

0%

Percentage of students
correct

Item number in each set

Figure 1.Results of Year 7 students on the test of algekhaking (1 school, 98 students).

A higher percentage of Year 7 students were sutdess these items than were other
year groups, an issue that will be discussed latez.pattern of increasing difficulty within
each page and operation that this year group ddrated is the same for all year groups.
For Year 7, unlike other year groups, division wWasmost difficult operation.

The graph of the percentage of Year 8 students suwgceeded on these items (see
Figure 2) showed a much sharper decline betweem 2end item 3 in addition than did
the graph for year 7 students. It also showed aatibn to be the operation on which
fewest students succeeded.

Year 8

90% —
P —— addition
80% — Itiplicati
70% E % multip |C§ ion
60% subtraction
g cove - E-'\\ —m— division
40% = SO
30% =
20%
10% 1A\

0%

Rercantage of students

Item number in each section

Figure 2.Results of Year 8 students on the test of algelthéking (4 schools, 317 students).

Table 4 compares results of the four intermediat®als. As schools chose which
students to include these data may not represenwhiole school, except for the decile 2
school.

The differences between year 8 groups will notopartant in future years as each
child will be compared against their own scoreatef years. There is nevertheless some
interest in the fact that the school with the lowaescile ranking, and which did not select
students, had a higher average than any of the stheols in the percentage of students
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who were correct on some items that included litgymnbols. They appear to have done a
better job at this than did the selected classas fither schools. Also, the school with the
highest decile ranking had higher modal scoresfbwt students who transferred this

understanding of using numbers as quasi-variabldsetuse of literal symbols.

Table 4
Scores of Year 8 Students from Four Intermediat®&@s

Decile Number Mean Modal % of students with
ranking of score score some literal items
students correct
2 82 4.96 1 46%
3 66 4.68 0 37%
5 76 5.66 0 38%
6 93 5.61 3and 6 19%

Year 9 students were, on average, less succeksafulany other year group (see Figure
3). We believe that this may relate to lack of ety in working with numerical
operational strategies and therefore quasi-vasabktween intermediate and secondary
school. It may also be that somehow the seconéaching approaches created a cognitive
interference among the students who had previohaty exposure to Numeracy Project
approaches.

Year 9

90%
2 80% —a— Addition

70% L —&— Multiplication
2] 8 60% ’A\ Subtraction
© § 50% —#— Djvision

40% -
% 30%
5 20% -|
E 10% - —

0% T T T T

1 2 3 4 5
Item number in each section

Figure 3.Results of Year 9 students on the test of Algehitainking (3 schools, 781 students).

When we compared the scores of Year 9 students hveltb attended intermediate
schools that were using the Numeracy Project (Ni#) those who had not (NNP), we
found no appreciable difference. Both groups hatkan score of 4.3 (NP, 4.31 and NNP,
4.28). Both groups found addition to be the easipstation and subtraction to be the most
difficult. The students from Numeracy Project sdsquerformed slightly better than those
from non-Numeracy Project schools on the first itareach section (see Table 5).

Year 10 students did somewhat better than Yeaudests on this assessment but the
pattern of achievement was like that for other ygaups (see Figure 4).

Our patrticular interest was in students’ abilitygeneralise algebraic thinking from
numerical items, something that they may have &ghin the Numeracy Project, and also
their ability to express this algebraic thinkingthwiletters as variables. Therefore we
analysed the students who were successful on somerical items as well as on some
literal items (see Figure 5). These results alg®apin Table 3.
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Table 5
Percentage of Year 9 Students Correct on Initi@mitfor the Four Operations by
Numeracy Project Schools and non-Numeracy Proguobals

Numeracy Project Number of Addition Multiplication Subtraction Division
participation students
From Numeracy

. . 402 75% 45% 29% 36%
Project Intermediates
From non-Numeracy 310 70% 45% 27% 35%
Project Intermediates
Year 10

== Addition

[)] 0,
12} 90% === Multiplication
5 80% i
) 20% \ Subtraction
% . 60% == Division
ke § 50% -
% § 40%
8 30%
5 20%
< 10% -
E 0% ‘ ' ‘
1 2 3 4 5

Item number in each section

Figure 4.Results of Year 10 students on the test of Algelihénking (2 schools, 549 students).

Percentage of students in each year that were correct on literal
items

50%

40% +—]

30% -+

20% -+ —

items correct

0%

Percentage with some literal

Year

Figure 5.Percentage of students from all years who weneecbon both numerical and literal items.

Surprisingly, Figure 5 shows the superiority of ¥ear 7 students in progressing from
generalising the strategies using quasi-variallegeneralising with variables. The Year 9
students were least successful with algebraic gésierg even though they were currently
being taught algebra in a conventional manner.déta in this figure provides an excellent
base line for determining if the new Secondary Ni@me Project will help students build
new algebraic skills on their existing ones.

Discussion

In this discussion we focus on two particular aspethe first relates to the students
from all classes who appear to be in transitioat tb, thinking algebraically on numerical
items and beginning to transfer this algebraickimig to literal items. In the second, we
discuss possible reasons for the superiority ofYisar 7 group.
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Students could complete up to 8 of 20 items cdyretthey used algebraic thinking
with numerals only. This happened in the decilen®rimediate school, whereas in the
decile 5 intermediate school only one student wdwexl 8 or less was correct on at least
one literal item. In the decile 2 school, 19 studemho scored 8 or less had some literal
items correct and in the decile 5 school 15 stugdartito scored 8 or less had some literal
items correct. These students were actively engemelgiebraic thinking. We do not know
exactly what teaching had occurred in their classescourage this thinking, but it would
be worth exploring and fostering. Similarly it wdube useful to explore the teaching in
schools where students were able to use numerajsaas-variables but could not transfer
this thinking to the use of letters. Most of thedgints who were accurate on some literal
items scored at least a total of 5. We thereforaeinated students who scored a total from
5 to 15 as being transitional in the developmerdlgébraic thinking. Those scoring from
16 to 20 were classified as experts. Eighteen 8esiudents scored in this expert range.

Percentage of students scoring 5-15who were correcton
numerical and literal items

60% ——Year7 |
P il Y@ a1

5 50% \ —te—Year9 ||
£ == Year 10 |

£ 40%
8

@ 4

2 30%

H

3 20% -

3

& 0%

Addtion Multiplication Subtraction Division

®

©

Figure 6.Percentage of students from all years who weneecbon both numerical and literal items.

Figure 6 shows that addition was the easiest dperdbr transferring algebraic
thinking from numbers as quasi-variables to leteegssariables, in years 7, 8 and 10, but
not for Year 9 where success on literal items wasegally low. It also suggests that work
of this kind with subtraction may be more difficaltat many of us have believed. And
overall it raises the question of whether or nary& students in general, spend time on the
use of quasi-variables in addition at the experisth@ other operations or just whether
more time needs to be devoted to exploring operatistrategies involving subtraction,
multiplication and division. It again demonstratbe superiority of Year 7 and Year 10
students on this assessment of algebraic thinking.

Understanding letters as representing general nenb@ther than as specific
unknowns, has long been difficult in secondary stladgebra (Kiichemann, 1981). These
results suggest that students whom we have destjirainsitional are ready to extend their
work from using numbers as quasi-variables to esging algebraic relationships using
letters for general numbers. The 18 experts founthis sample of year 8 students are
already comfortable with this use of letters.

Why were the Year 7 students more successful tharother year groups? Again we
can only speculate. The fact that they were béelien the Year 8 students in their own
school is another intriguing question. The Numer&egject facilitator for this school
reports that when working with the teachers in thiiool he used the term variable,
representing it first with an empty square and théh a letter. He also held a workshop in
which he used examples of algebraic thinking tfkem seminar presentations by the first
author. It seems possible therefore that the teaam@y have introduced the concept of
variable in their classes. It may also be thatfthar 7 students were more successful than
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the Year 8 students in their own school becauseotter students may have been
introduced to algebra in a traditional manner thdt not grow out of algebraic thinking

with numbers as quasi-variables. We will watch ttobort in future years with particular

interest, and as well take note of the teachingttiey receive as Year 8 students.

Two of the secondary schools in this study are @ts® involved in the Secondary
Numeracy Project. This involvement will enable assee if that project is able to avoid
some of reduction in algebraic thinking noted iis tfear’s cohort of year 9 students. It will
be an intriguing on-going study.

Acknowledgement&unding for this study came from the New Zealanaibtiy of Education. Some of
the data in this paper will be included in a techhreport to the Ministry
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