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The decisions that teachers make in choogiadiculars to illustrate the general are
important aspects of their pedagogic role. Examples used by teachers to exemplify
concepts and to illustrate procedures. Worked elesnfrequently form the basis of a
teacher’s explanation. This paper focuses on thenples used by experienced teachers and
the justification they give for their choice to no& pre-service teachers.

The relation “is an example of” is fundamental e tdiscipline of mathematics. Its
importance is reflected in popular understandingpath what it means to learn and to do
school mathematics. Furthermore this learning dg@a by our institutions largely on the
basis of success in working examples under exandittoms. Examples are thus an
everyday part of life for a mathematics teacher.typical UK secondary school
mathematics teacher will choose examples to intteddeas to the class and for the class
to work on independently of the teacher. Text botykscally contain large numbers of
worked examples and examples for students to attemp

The language of examples used in school is potgngigbiguous. We talk, sometimes
interchangeably, of examples of a concept (exampildgangles, integers divisible by 3,
polynomials etc.) and also examples of the apptinadf a procedure (finding the area of a
triangle, finding if an integer is exactly divistbby 3, finding the roots of a polynomial
etc).

In this paper we are interested in decisions #ethers make about choice of examples
of concepts and examples of application of procesiuaind in particular the way in which
novice teachers are inducted into this decision ingakOur data is collected from
conversations between a group of student teachershe experienced teachers who were
to act as their mentors during their practicum.

Background

More than thirty years ago, Skemp (1971) wrote alibe role of examples in the
teaching and learning of mathematics. Skemp’s basadel for the learning of
mathematical concepts was abstraction from examplegch meant that the teachers’
choice of which examples to present to pupils wasial. His advice on this topic includes
consideration ohoise, that is the conspicuous attributes of the examyieh are not
essential to the concept, andnoh-examples, which might be used to draw attention to the
distinction between essential and non-essentiabatts of the concept. Once the concept
is formed, later examples can be assimilated im&d ¢oncept (Skemp, 1979) and a more
sophisticateatoncept image formed (Tall & Vinner, 1983).

Another aspect of the role of examples centreshennbtion of generic example, or
prototype. A generic example:

involves making explicit the reasons for the truth an assertion by means of operations or

transformations on an object that is not therdsirown right, but as a characteristic represergaifv
the class. (Balacheff, 1988, p. 219)

145



Freudenthal (1983) describes examples with thiem@t asparadigms. A strand of
psychological research beginning with Rosch (19%&s explored howprototypes
(representatives of categories) are used in reagorilershkowitz (1990) has drawn
attention to the tendency to reason from prototyp#ser than definitions in mathematics,
and the errors that this kind of reasoning can yeed

A teacher’s choice of examples may, then, be guijed sense of the role of example
in concept formation. Their choices are likely ® different if the example is seen as one
of a set from which a concept is to be abstractedas a paradigmatic example which
should contain the essence of the concept. It fsaykee influenced by the teacher’'s own
understanding of the concept. In particular, chomich take account of using the ideas
of noise and non-examples to address the boundairidee concept are likely to reflect
understanding of and familiarity with tlidemensions of variation of the concept (Marton &
Booth, 1997).

In a recent study Rowlanet al (2003) considered the way in which student teacher
give evidence of their subject knowledge in the&adhing of mathematics to primary
school children. One of the aspects of teachingidaened was choice of examples. The
authors gave instances of choices which, in thends, “obscured the role of the variable”
(p. 244). In one of these a student teacher idtestt the reading of a clock face set at half
past the hour by using the example of half pastisianother the first example chosen to
illustrate the addition of nine by adding 10 andbtsacting one was to add nine to nine
itself. Here the ‘special’ nature of the examplealdanislead.

These theoretical conceptions of the role of exampl teaching and learning, and the
limited empirical evidence of student teachers’ olsexamples form the background to our
consideration of experienced and student teacHestission of examples.

Context

The data were collected at a day-conference inalgn2005 at an Initial Teacher
Training Institution for Secondary School (age ®ig-18 years) Mathematics Teachers,
in the UK. The purpose of the sessions was to e@ageuthe school-based trainers
(mentors) and their trainees to collaborate on ldgueg classroom activities which
provoke and promote mathematical thinking. The nmgrsessions had focussed on: the
developing mathematical reasoning and problem 8glvlhe afternoon activities centred
on teacher-generated examples. This included: choosing an example with which to
introduce a topic; analysing sets of examples @ses); developing an exercise for a
purpose; creative use of text book exercises. ik gaper we discuss data from the first
task of the afternoon, where participants were éskeconsider ‘good’ first examples.
There were 12 mentors and 14 student teachersnprasd they were divided into five
groups. Mentors were grouped with student teaclwers would be working with them in
their schools for the forthcoming practicum. Inlegcoup there were at least two mentors
and at least two student teachers. Discussions auglie-taped and transcribed.

The Task

The first ‘teacher-generated example’ task requbeth the experienced and student
teachers to consider the examples they would cha®dee first one to use in introducing a
particular topic. This was described as a ‘paréictb illustrate the general’ or a ‘generic’
example. They first wrote or drew examples as inldials then discussed them as a group.
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Examples for Area of a Triangle

Participants were first asked to: “Give the examyde would use to introduce the
calculation of ‘area of a triangle™. The table bl sets out some differences between the
written responses. The distinction which drew naigtntion during the group discussions
was that between a first example which involvedyhtrangled triangle and one which did
not. All but one of the mentors chose to start véthight-angled triangle, whereas only
eight out of the fourteen student teachers didee Table 1).

Table 1
First Examples for Area of a Triangle

Right-angled Rectangle Rectangle Apex above

triangle halved completed base
Mentors 12 3 5 3 1
Students 14 5 1 2 6

In group one the first mentor (1M1) explained hieoice of a right-angled triangle in
terms of developing from this first example to arengeneral argument:

1M1 | would start with a right angled triangle, tcsze | would develop from the rectangle and |
would develop how we work out the triangle by usihg fact that we know the rectangle.
Having got that, | would then develop that into stinng that's non-right-angled.

In group two one of the student teachers (2S1)ddkethree mentors (2M1, 2M2 and
2M3), who had all suggested a right angled triargdirst example, why they had made
this choice. Mentor 3 has drawn on his responsetdhath a right-angled triangle and,
secondly, one which is not, and the group is pogto these two drawings as they speak.

2S1 Why would you ... ?

2M1  because you'd make it an easy rectangle—

2M2  —because it's showing the idea that it's hdlfaorectangle, yeah. And that's where the

formula derives from.

2M3  You can then go on to show that any trianglesil§ of a rectangle.

2M1 But it's easier to see that that one is.

2M3  That they're the same height and —

2M1  —it's easier to see that as half a rectangleabse you have to create two extra triangles to
make that (pointing to an apex-above-base example)

In group three all five participants chose a rightled triangle to start and made little
comment on this. In group four, although one ofghelent teachers gives a first example
which is not right-angled, in her first contributicshe acknowledges that she is in a
minority and the conversation turns to whetherfitst triangle should be half a square or
half a non-square rectangle, both mentor and stug@cher assuming that the latter is
more complicated than the former.

4S1 ...I was thinking, go in for a square ...you knowiangle which is half a square ... then |
was thinking maybe we should go in with somethhmf’s a bit trickier.
4M1 | think we're coming up with the different Idgehere now. ... | want to see what people

have forgotten first. I've gone right to the basatdirst, I'm afraid I've done a square

In group five a mentor explains his choice as oo
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5M1  Yes it does depend where you're starting, bybu're starting off introducing the idea of
areas of rectangles, you would start with a rigigla triangle, ... | would start, by talking
about, but | would even possibly start with one rghtlhe rectangle was there in the first
place, with a diagonal line across it and ask \itzadtion of the rectangle was the triangle,
how do we find the area of the rectangle, therefloeearea of the triangle?

There is a clear emphasis, on the part of the eqeed teachers, on building up from
a simple case to develop an argument to suppornauta for the area of any triangle. The
right-angled triangle (or in one case, an isoscelgist-angled triangle) is seen as the
simplest case from which to start.

There were two voices making a different case. @irthese was the mentor who drew
a non-right-angled triangle as his first exampld an obtuse-angled triangle as a second.
He argued:

1M2 | wouldn't start off like that. I'd show theriké that. Show them a non right angle one, then
I would, like ... you see you want to emphasisetitsheight of the trianglejrrespective
of whether there’s a right angle there or not

The second was a mentor who, although he gavéhgaigled triangle as his example,
expressed a similar argument in favour of movingama more general triangle:

4M2  —well | went for a rectangle, but | think thencept of base and height needs to be
explained using those sorts of triangles, wheréwonot always got a right angled triangle,
but where you have to drop the perpendicular dawsee what your height is. Often, just
given the numbers they will do this, if you stafft with those sorts of questions, then they
come across a triangle like this, they just mujtifhle two sides together and then divide by
two, they will not realize the perpendicular heighthat height there. Yeah, that needs to
be explained as well to them.

Examples for Addition of Fractions

The participants were next asked to give the fesample they would use in
introducing addition of fractions. The conversatidacused on distinctions between sums
to which pupils might or might not be expected oW the answer, and between pairs of
fractions where both denominators were the samwese different. Table 2 gives the
frequencies with which participants chose thesegdypf fractions for their first example.
Most participants gave more than one example, and dtudent teachers left this section
blank.

Table 2
First Examples for Addition of Fractions

Other fractions, Other fractions,
VL+Y% Ya+3Y, same denominatory2 +¥.  different denominator
Mentors 12 2 3 2 3 2
Students 10 2 0 2 4 2

Two thirds of the mentors chose a starting examplieh involved only halves and/or
quarters. These mentors in groups one and five typueal explanations of this choice:

1M1  Again, for fractions | would start very, verimple, because they know what one quarter
and one quarter is. Thdgow the answer to that, they don't have to think aliguthey
know one quarter and one quarter is a half, it'e fuarters. And by doing that, I'm
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illustrating that this does not change, becauseraike you get two fifths plus three fifths
is five tenths, you know. They will add the bottoaswell.

5M2  As soon as you mention the word ‘fraction’ taclass, half of them will switch off. So
you've got to keep it very simple and you've gobmvery systematic in the way you — I've
chosen half plus a half because most of them witivk the answer already, but | want to
demonstrate that you've got a common denominatey, heed a common denominator and
that you don’t add the bottom ones. That's whattiyping to do here.

In group two the argument shifted slightly to addrehe role of known facts and
procedures in building understanding.

2M2  —it's quite good a half and a quarter becabhsg mostly can work out the answer without
really —

2M1  —having to know how to do it.

2M2  —having to, yeah. Which should be encouragea way, shouldn't it, rather than teaching
them a method.

2M3  Well what is the answer? You go back to whieatthan ..., you get the answer first and
then write it down and then you get the understagndi

Mentors in group three also recommended using difaraxample. Their justification
is in terms of pupils being able to relate the mek to their existing knowledge.

3M1 | would do a half and a quarter because theywkthe answer. They'd immediately and
instinctively know the answer.

3M2  Which has an advantage doesn't it, becausédiggyyou say after that makes some sense to
them.

3M1  If you choose anything harder, they don't kriber answer, they can't relate to it.

Again in this case, the main emphasis from men#ots build up from a simple case.

However because the context for this example is emigal there is the additional
possibility of using ‘known facts’, which gives aher interpretation of ‘simple’.

Examples for Solution of Linear Equations

The third prompt for initial examples was ‘solutiohlinear equations’. As this was the
last of the three topics, there were some grouaisrtn out of time before they discussed
their suggestions. Table 3 illustrates differeroesveen responses of mentors and student
teachers in their first given example. Two of thedent teachers recorded no example.

Table 3
First Examples for Solution of Linear Equations

Positive whole Unknown appears Single operation
number solution first

Mentors 12 11 12 10

Students 12 5 8 6

The mentors were almost unanimous in choosing eleamphere there was a single
operation on the unknown, where the unknown appefenst in the equation (x+1=3 rather
than 1+x=3 or 3=x+1) and where the solution wasoasitwye whole number (in the
exception to this, the solution was zero). Studeathers’ responses were more variable.

Two brief conversations in the groups confirmed gleeeral intention to ‘keep things
simple’ but with some questioning. The first wagmup three:

149



3s1 I've got x add seven equals ten.

3M2  We've got to keep it simple to start off with.

3s1 Why? ten is a common number if you had seveat di you need to add to make ten—
3S3 —you're teaching them the concept, there’saiotpin involving difficult numbers

In group one there was again some dissent frongeheral agreement on the principle
of simplicity:

1M2  if you start off by basic, too basic, they seenget the idea it's going to be basic anyway.
Rather than if you can like put them in the deef straight away, yeah? | chose this
equation for instance, 2 x plus 1, so you knovauggthem this the other day and they—

1M1  —well they'll do that by trial and error, worihiey to begin with.

1M2 | asked them to explain how you done it, wektaway one, then we divided it by 2, then
we got the answer. | didn’t teach them that. Do koow what | mean? | mean if I'd started
off with something like this sum, x plus 1 equals.3

Here the same mentor who argued against using ha-aigyled triangle as a first
example was concerned about the effect of usingghesoperation equation. His concern
that “they seem to get the idea it's going to bsibanyway’ may be parallel to his
recognition of the need for pupils to explore tlimaept ofheight of a triangle, and that
this may not arise in the context of the right-aadgiriangle.

Themes Emerging from the Discussions

Our analysis of the written responses and discussis identified a number of themes,
of which we discuss two here. The first theme &‘'#imple example’ as a first step in the
development of an argument or understanding of acguiure. This is apparent as a
majority view amongst mentors in relation to botteaaof a triangle and addition of
fractions. Although there is not enough recordestwulsion to provide evidence of this
kind of reasoning in the case of solution of lineguations, the mentors’ choice of
examples is consistent with this principle.

The second theme is the use of simple examplesdm &onfusion. The notion of
simplicity extended beyond using a right-angledrtgle and using simple fractions. For
example these participants each talked about erdift kind of simplicity:

3S3 That's right, use simple numbers. No pointingitineteen times eighteen, times that by a
half. They might recognize the triangle, the forayuhey can actually work out the formula
they might just not know how to work out nineteenes eighteen.

5M1  The biggest piece of advice is keep it simplehie first place, like in this one creating an
example where there is no cancelling to be donenadirds, because that just confuses
them. We can deal with that, once they can do teehamics of it ...the first example |
would use where the numerators are one becauseakigsrexplaining what you're doing
much easier. I'd then go on to something like that, very carefully picking every time in
the first instance, ones that don't give you anriper fraction as the answer. Because the
simplifying improper fractions bit is a further colitation ...

In each of these cases the speaker might be seem aoming to allow the pupils to
concentrate their attention on the new procedureebyving the need for them to focus
attention on any other, possibly imperfectly masdeprocedures. At a surface level these
concerns may appear to be linked to Skemp’s natiowise. They are concerned with the
role of detail which is, in a sense, irrelevantiie concept being studied. The link, though,
is superficial, since Skemp’s notion nbise concerns attributes which define concepts,
rather than elements in procedures.
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A further aspect of the concern to avoid confussoexemplified by the following:

3M2  What | was trying to say about the differenimgrs... you don’t really want like seven and
seven. You know, if you've got three different gatb the question, you want three
different digits so that when you're referring teen, there’s no confusion about exactly
which, you know, when you sdlge two, you know they know what the two is.

This is an instance of the kind of awareness ifledtiby Rowland et al (2003) of
choice of examples which “obscure the role of theiable”. The two instances of such
choices in our data are provided by a mentor astilident teacher who each chose a right-
angled triangle with two equal sides.

Discussion

“Keeping things simple” is a key message that comésof the discussions we have
reported. None of the ‘simple’ first examples offérby mentors would satisfy the
requirement of a generic example or paradigm, andstas a ‘particular to illustrate the
general’ as our instruction requested. Right-angtadngles, fractions with equal
denominators and equations for which pupils care™gbe solution can all be seen as
examples which avoid the main concept, rather #aamples which avoid unnecessary
complication. This appears to be the kind of arguntieat mentor 1M2 has in mind when
he criticizes choices of right-angled triangles amdple equations. It is also something
that at least one of the students recognizes assan, related to earlier discussions with
his university-based tutor:

581 ... at some stage we've been told that maybe litad to keep it simple because more

difficult examples can work better than the easgsonThe second point is this confusion,
and it may confuse them, how valid is this as agador simple examples?

However there is a lot of evidence that the majaftmentors are not using the model
of the generic example to think about first exarmpRather they are seeing examples as a
means to build up an argument. The way in whichtoreraim to develop the argument is
different in the cases of the triangle and thetioas. In the case of triangles, the aim is to
encourage pupils to ‘see’ that the triangle is lbélfhe rectangle, and several mentors talk
about ways of making this visible by use of pratiequipment. This is the first step in a
chain of deductive reasoning which establishesn@mgé formula for the area of a triangle.
In the case of addition of fractions the reasondionosing simple examples in the first
instance is that pupils will know the answer withaaeding to use a procedure. For some
this is seen as a way of allowing pupils to reldte new procedure to their existing
knowledge. For others it leads to a means of cotiftg what mentors see as a common
misconception, that the denominators are added wheming the fractions.

The evidence that we have analysed consists ofdead what mentors and student
teachers say they would do in terms of choice aingdes. It is not derived from
observation of classroom practice and needs tadaedd with caution on that account.
However we seem to have evidence that establisktechérs are able to draw on their
experience to predict complications and choose eles1to avoid them. This is seen, for
instance, in the mentors’ concern to avoid equatwith solutions which are not positive
whole numbers. On the other hand, the majority ehtors do not use models of generic
example or paradigm, nor awareness of issues ¢btgpe or concept image, in making
their choices of examples. Rather they are usindatsovhich have the potential for them
to build deductive arguments.
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Conclusion

After the group discussions on these examples #mcgpants were invited to feed
back their responses to the question “What advimgldvyou give to student teachers about
how to choose examples to use?” Within the groups following were offered as
summaries:

1M1  Well I think you choose an example which isyeasily comprehensible to begin with, that
they can get their teeth into and understand exadiere it's come from and then develop
it on from there. That's my theory.

2M3  —so the first example is something they thay tban—
2M1  —do.

3M2 | mean the main thing we've picked on is smalinbers isn't it?

4M2 | would say you start by establishing that faighow the theory behind the topic that we're
teaching and we do that through very simple exasple once you feel confident the
concept is there then you move on to slightly hagiestions in each particular case.

581 Simplification, keep it simple.

5M2  Something they can relate to perhaps as well.
5M1  Yeah.

5M2  You know if possible, but keep it simple.

5M1  Keep it simple.

Despite the sophistication of the arguments expleaglier in some of the discussions,
these summaries present misleadingly straightfahaaivice on example selection. There
is a danger that, under the time pressure typigabyailing in a school maths department,
the pedagogic content knowledge of the mentor besocompressed into advice of this
nature. The message received by the student teatdebe to use ‘simple’ examples in
order to offer pupils a straightforward procedurattcan be followed in an unproblematic
way. The examples the student teachers choosehmaynbt prepare pupils to work with
the range of variation they meet subsequently. Mloee complex purposes behind the
mentors’ choices are easily lost in the ‘Keep mfle’ prescription.

References

Balacheff, N. (1988). Aspects of proof in pupilsagtice of school mathematics. In D. Pimm (Ed.),
Mathematics, teachers and children (pp. 216-235). London: Hodder and Stoughton.

Freudenthal, H. (1983)Didactical phenomenology of mathematical structures. Dordrecht: D. Reidel
Publishing Company.

Hershkowitz, R. (1990). Psychological aspects afdang geometry. In P.Nesher & J. Kilpatrick (Egds.)
Mathematics and cognition (pp. 70-95). Cambridge: Cambridge University Press.

Marton, F., & Booth, S. (1997).earning and awareness. Mahwah, NJ: Lawrence Erlbaum Associates.

Rosch, E. (1975). Cognitive representations of sgimaategoriesJournal of Experimental Psychology:
General, 104, 192-322.

Rowland, T., Thwaites, A., & Huckstep, P. (2003puites’ choice of examples in the teaching of elatianey
mathematics. In A. Rogerson (EdPr,oceedings of the International Conference on the Decidable and
the Undecidable in Mathematics Education (Held in Brno, Czech Republic, pp. 242-245). Raler
Italy: University of Palermo.

Skemp, R. R. (1971)he psychology of learning mathematics. Harmondsworth: Penguin.

Skemp, R. R. (1979)ntelligence, learning and action. Chichester: John Wiley and Sons.

Tall, D. O., & Vinner, S. (1983). Concept image armhcept definition in mathematics with particular
reference to limits and continuitigducational Sudiesin Mathematics, 12, 51-153.

152



