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Interviews were held with five volunteer studemtgtie first cohort to use CAS in end-of-
school mathematics examinations in Victoria, toieevtheir experiences and the use they
made of CAS. Four students were positive, and oegative. Students were highly
reflective about their learning, discussing theché® mathematical understanding to use
CAS. Students generally chose to use CAS to dotignesquickly, or when by-hand skills
were not trusted, or to find equivalent forms matghmultiple choice answers in exams.

This paper reports on interviews held with voluntsedents in the first cohort of year
12 Mathematical Methods (CAS) in Victoria, AustealiThe subject MM(CAS) was
established by the Victorian Curriculum and AssessmAuthority (VCAA, n.d.) in
conjunction with the CAS-CAT research project (C&8T, n.d). It was the first
mathematics subject where students were allowedised CAS in all externally set
examinations (VCAA, 2002). The content was basedtlat of the VCAA subject
Mathematical Methods, a functions and calculus s®uvhere graphics calculators are
permitted in the examinations. This is the mainjettbused for entrance to scientifically-
based tertiary courses in Victoria.

The purpose of the interviews was to record stigd@xiperiences and to find out how
they had used CAS in the examinations, looking @aflg at their appreciation of the need
for algebraic insight (Pierce and Stacey, 2004d)tarwhat extent they exhibited effective
use of CAS (Pierce and Stacey, 2004b). Teachens fhe three pilot schools invited all
MM(CAS) students to return to school after the fiegaminations in November 2002 for
interviews with the researchers. Five studentsearAnn and Dana from one school, Cate
and Eve from a second school, and Beth from thd g8ghool. These are pseudonyms and
gender may have been changed. The students wes@ als&ut their general impressions of
studying MM (CAS) and about their use of CAS in mxaations; they demonstrated how
they had done some questions and identified questioat illustrated particular points.
Each interview was conducted by two researchexiptaped and transcribed. Interviews
had no bearing on students’ grades.

This paper will discuss decisions students madeutalbgsing CAS or not in the
examinations and the way in which they went abeatrrding mathematics and solving
problems with CAS available. This report focusegtmsymbolic aspects of CAS (i.e. the
features beyond those of graphics calculators)ingunterviews students commented on a
range of issues including the use of by-hand an& @&chniques for solving problems,
how they learned to use CAS during the year and tnoexpected CAS outputs were dealt
with. The interviews revealed that the five studehtad a diversity of mathematical
abilities and beliefs about use of CAS for mathecsaand so made an interesting sample.
Ann was a very good mathematics student, with goptiand skills. She enjoyed using
CAS, and made both functional and pedagogical tise Dana had strong by-hand skills
and preferred to solve problems by hand than witts CBeth had low confidence in her
by-hand skills and in CAS and did not feel it helper solve problems more quickly. Both
Cate and Eve experienced some difficulties withhmatatics, but confidently used CAS to
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compensate for inadequate by-hand skills. They btated that they would have enrolled
in an easier mathematics stream if CAS had not heaitable as support.

“I wouldn't have done [Mathematical] Methods if vdidn't have these [i.e. CAS calculators]. |
would have done General or Further [i.e. an ea&ar 11 and 12 mathematics stream]”. (Eve)

The fact that two of the five students said theyuldohave enrolled in an easier
mathematics stream without CAS can not be takendasative of the general situation: all
the teachers reported a few students like thiseir tlasses, but they are over-represented
here due to interviewing volunteers.

By-Hand or By-CAS

All students had views about solving problems udnyghand or CAS methods in
exams and for learning mathematics. During insipacthere may have been times when
particular methods were mandated by teachers, dndrglly both in the classroom and in
the examinations, students made personal decisammoait using CAS or not. The
examinations did not contain any questions abouf @A&e,per se or where there were
instructions to use CAS. All students were concgioeunderstand how CAS outputs were
derived; in interviews some students suggeste@f@nmance to first perform procedures by-
hand when learning mathematics in order to undadstaow the calculator might be
performing algorithms. Following is a discussioneaich student’s stated preferences for
use of by-hand or CAS techniques for learning assgssment.

Ann, Beth and Dana

Ann gave the impression that she was a strong mmaithes student, having selected to
study two mathematics subjects at Year 12, andapgdeto have strong by-hand skills.
Ann made pedagogical use of the technology to egpimathematical ideas in both of the
mathematics subjects she studied, even though C#&sSmat allowed in the examinations
for the second subject. In the MM(CAS) examinatjesise reported that she used CAS for
questions involving calculus, factorisation and agion as its ability to perform routines
quickly was very important. Reflecting on her leagy Ann insightfully proposed a link
between her by-hand techniques and ability to us8:C

“I still learnt everything because we had to krfmew to do it by hand to use the calculator”.

It might be that Ann wanted to practice by-handisko know where CAS outputs had
come from. It could be that Ann recognised the neaghderstand mathematics in order to
be able to choose a correct procedure on CAS auwdtalenable a correct CAS input and
interpretation of output. For example, Figure 1vgsmne multiple choice question and
CAS outputs from the three brands in use in 200Z189 user could immediately identify
the correct response once CAS was used, whereas osether CAS would need to
recognise answer B as equivalent to the expregsmnded by their CAS.

dy 1 -1

If y=logs(cos(X)), then—= is equal to: A 2tan(X) B —-2tan(X) C D E -2sin(X
y=loge(cos()) o S eau (%) () cos(2) ° 2sin(2) in()
-28in(2X _
CASOUTPUTS: CASIO FX2.0—() T189 —-2-tan(2x) HP40G ~(2E5IN(2CX))
cos(2ZX ) COg2UX)

Figure 1.MM(CAS) Exam 1 Q 14(VCAA, 2002) and CAS outputsngsinbuilt differentiation capability.
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Ann also believed that by-hand skills were requit@@ompensate for times when use of
CAS may be time consuming:
| needed to know how to do it by hand so if thiewator was taking too long to think of an answer

| could just go, ‘oh yeah’, and do it by-hand, audit was like | was learning it, but then | cojudt
use the calculator. But I still knew it [the mathaios].

An interpretation of this response could be thatcfertain procedures the time for entry of
syntax and for the CAS to apply inbuilt algorithmas greater than the time it would take
to perform the solution by-hand or mentally (eegjuating coefficients when the resulting
simultaneous linear equations are easy to soliadpection). Alternatively, Ann could be
referring to the way in which some problems carsdiged by a “brute-force” method with
a lot of calculation, or by an insightful solutioequiring little calculation (the question in
Figure 2 provides an example). Ann appreciatedirtiportance of maintaining by-hand
skills and her comments suggested that she was gopdrforming them. Ann also said
she enjoyed using CAS, and she demonstrated teas@hnetimes chose to use CAS on
questions within her by-hand repertoire.

Beth’s experience of learning with CAS was lessitp@s She used CAS to perform
routines such as factorisation in the examinatienabse it was quicker than by-hand.
However, Beth felt that using CAS during the yead lesulted in less practice with by-
hand skills. She explained that the consequencethedsvhen she experienced difficulty
using CAS she was not confident to use by-handsskistead, due to insufficient practice.
Beth felt that she tended to go straight to CAShetv®ugh she recognised that for some
problems by-hand techniques may be more effici&vien so, Beth showed us one
examination question where she started to use GASteen stopped herself, recognising
that a by-hand technique would be better. Thisdieri also demonstrates how even while
solving problems in a high-stakes examination, estisl make minute-by-minute decisions
about efficiency of methods for solving parts abipems.

Dana gave the impression that she had very goduahg- skills and she expressed a
clear preference for by-hand work rather than CAS8 im class and in examinations. One
reason she gave for this preference was the abditirace errors. The capacity to see
intermediate algebraic steps when working by-haad walued by Dana as it enabled her
to look for mathematical errors if she was expagieq difficulty finding an answer. In
contrast, she perceived that checking CAS workiredwchecking syntax for entry errors.

When [solving by-hand] and you come up with thewg answer [you can] see where you've gone

wrong, whereas [for] some CAS functions you gebaima [which is missing] or you get a one or
zero and it's all wrong and you don’t know whergvént wrong.

Dana said that she mainly used CAS to check by-maté and when she “just can’t be
bothered” solving by-hand. She gave the examplh®fquadratic formula as one routine
where she would use CAS, although she could pertbenby-hand routine if required.

Cate

Cate reported having some difficulties with matbs ¢he was confident with CAS, and
stated that she would have enrolled in an easi¢henetics stream without it. Cate said
that she attempted to use CAS for practically aéggions on the examinations, especially
to answer questions quickly. When she solved algnolby-hand, she used CAS to check
answers. Cate commented that she felt she hadgdost by-hand skills, for example the
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ability to factorise an expression. She believet e relied too heavily on CAS but this
may be related to the fact that she used it to emsgte for her initially weak skills.

Cate indicated in the interview that she was gadhenble to recognise where the
various components of a CAS output came from, baseithe by-hand work demonstrated
on the board by the teacher. Although Cate wasecorib use CAS as a “black box” to
provide answers, she also wanted to understandi®@AS output was obtained.

...although we learnt the by-hand work behind techesy..we didn’t really apply it [the by-hand
techniques]...you could see the outcome which mafiéAS output] make sense...[For example]
when we did standard differentiation we’d do it@tl the board, the long way [by-hand] ...and then
eventually you get an answer. But with the calaulgbu’d put in the equation and get the answer
and you can sort of visualise where it came frooe[tb doing some on the board by-hand]...

Cate commented several times in the interviewghatwould go back to by-hand work
for problems where the CAS output was in a diffeferm to a given answer, such as the
answer in a book. She identified algebraic fractias causing her particular difficulty in
this regard, and demonstrated use of the “pro@atitmn” command in order to alter the
algebraic form of expressions involving fractions:

...The [type of] answer that threw me out sometimpgas when] you put it all over, say, four

[when entering CAS syntax] and then it might chatme quarter [due to inbuilt simplification

algorithms]. We need to know there’s a fraction. tib@rt of thing throws me ...the book will have

a different answer. The same answer but writtenfemifitly. So it throws you out
sometimes....generally you just use ghieper fractionjcommand] and it will rearrange it for you.

This issue of equivalent forms was evident on atdayay basis when students were
checking answers in the back of their textbook alst when answering multiple choice
problems in examinations. Cate commented on botthexe, illustrating the unease that
occurs when an answer is obtained in an unexpéated(see Figure 1 for an example).

...There was one question [on the exam]...using Hieutator | didn't have any of the multiple

choice responses and it freaked me out....therekingtworse than having an answer that's not

there and then [you] sort of have to stop and yealhd the equation and see what'’s there ...and
then, because it's like the calculator [outputlthe answer, whereas it [the form of the multiple

choice response] might have been the second at step [in the automated procedure] before the
final answer [given by CAS]....that's when you hawegb back to your [by]hand work.

Cate believed that this necessity to find equiviaierms“kept the mental work and the
[by] hand work going”. Cate’s comments suggest that reliance on CASteskinh less
facility with by-hand skills, but she also acknodded that the need to reconcile given
answers with CAS outputs resulted in acquiring Bgehskills. These comments may seem
contradictory. Possibly Cate did not consider tinelihg of equivalent terms by-hand as
“by-hand work” as she had used CAS to find theinabanswer.

Cate’s expertise in using CAS for the standardrieghes was evident in her preference
for multi-step procedures where she could combirmeumber of steps into one line of
working. For example, when finding a stationary nposhe liked to use a multi-step
procedure (differentiate, then solve to find wheegivative is zero), entered as one line of
syntax and she described this as:

...put the solve and the differentiation all in tiree hit....

Cate also said that sheould always reach for the CASbr questions requiring exact
answers. It could be argued that Cate wasn’t detraditgy judicious use of CAS here as
many problems involving exact answers are relatigsghple using by-hand techniques.
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Eve

Eve found use of CAS interesting. She experienoetedifficulties with mathematics,
and used CAS to overcome lack of facility with karld skills. Like Cate, she would have
enrolled in an easier mathematics stream if CAS rnatdbeen available as support. Her
comments about CAS use suggested that she wasyaampetent CAS user and she
enjoyed using CAS as she viewed it as a modermtdagy. Eve was a very thorough
learner, checking her work using multiple approachsg often as possible. Eve generally
stressed the usefulness of CAS for checking ansavetseported that her teacher had told
her to solve problems by-hand and then check uGiA§ in the exam. She constantly
compared her by-hand work and the CAS output. Sieel lboth methods to “check” the
other method, ultimately trusting CAS more thanlwehand answer.

... will trust the calculator more than | will trustyself doing it by-hand.

When Eve was asked whether she used her CAS extimainations she indicated that
she used CAS for most questions. Eve said that whemmade the decision to use CAS in
the examinations, she felt “lazy”. This could bedugse students knew that they needed to
show appropriate working to access marks in thenexaion. She suggested that CAS use
in examinations was high for most students in leeoel. This contrasts with the findings
about use of graphics calculators in a calculussesohy Boers and Jones (1994) who found
that students under-utilised the technology. Thegssted that students were preferencing
algebraic approaches over graphical approachesvolild be interesting to consider
whether students are using CAS more than teachgtg expect and whether ability to use
algebraic features of CAS may contribute to thén éyel of CAS use.

As soon as the exam started everyone was ...[here&@wenstrates by starting to tap vigorously on
her calculator keyboard to make a noise]. You cdwddr [tapping]. All you could hear the whole
time [was tapping on keyboards].

Eve demonstrated expert CAS use on several qusstidmere she valued the speed.
For example, she adeptly solved a trigonometri@ggn in a restricted domain using CAS
This demonstrated good use of the history capghlitCAS. Eve’s teacher had shown
them how to solve equations of this type (solviugy restricting the domain) using nested
procedures and modifying the entry line, as shownFigure 2. This example also
illustrates that many examination questions whih loe solved insightfully with very little
calculation (such as this one) are generally tacilgh brute-force calculation in the time-
pressured environment of an examination, whetlobmigogy is available or not.

...I'm doing “solve sin(2x)=1". Solve for x given tha>0 and then you go “AND” x<# | got all
the [solutionsx=5174 etc and then, because [the question asks fasuimeof solutions], I've got to
bring it back into the little line screen [entrpdi], go through and replace the “ors” with the plus
sign [+] and get rid of the=...You could do this by-hand, but it would take &ltnger...you plus
them all together and you geat.7

Eve felt that in some ways having a CAS meant et didn't have any written
mathematics notes, as inbuilt CAS algorithms waee dquivalent of notes which would
normally be recorded in a book.

...you go to the start of the chapter and they'veatiothe little green boxes in [the] textbook, waer

it's got remember this [routine procedure], rementbat [routine procedure]. You don’t remember
things like that [when you have CAS] because tleegione on the calculator...
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Figure 2.Finding the sum of solutions of the equation s¥2 for 0 <k <41L

Even though Eve believed that CAS was the equivateher notes and recognised that
there were inbuilt algorithms in CAS, she had mmognised the extent of the algorithms
built into CAS. For example, she appeared not tdewstand that CAS could differentiate a
product. Eve believed that in order to find theindive of a product of two functions, she
would have to assemble partial answers from the @&Sthe product formula herself:

Because you can get it [the derivative] on youculator and you can't do that [the product rule].

You have to do that by-hand. Like you can do lipkerts [of the product rule], you can do the

derivatives [of each component function]...... You cantbed/dx on the calculator. ..you just have
to set it out [the product rule] by hand and theo know, bracket it off, put it in the calculator....

For example, to find the derivative of the prodsici(x)x’, Eve would write down the
product rule first. She would then work out theigmives of sink) and ofx?, possibly
using CAS, and substitute these by-hand into tloelymt rule. Eve’s reason for not just
entering the entire expression into the CAS andqu§IAS to differentiate in one step is
that she didn’t think that the CAS woukshow that the product rule was required. Eve
stated that she generally did questions involvimg product, chain or quotient rule for
differentiation by-hand and then went back and kb&dcher results using CAS. Her
confusion on this point is probably connected widr concern, shared with her teacher,
that CAS sometimes gave answers in unexpected fofims teacher’'s suggestion of
starting with by-hand work generally provided ekacne of the answers to the multiple
choice questions on the examination. These answems constructed by people familiar
with the by-hand methods institutionalised in tlogal area. This privileges particular
forms of algebraic expressions, which may diffemirthose privileged by the algorithms
built into a CAS. Identifying the correct multiptddoice answer may be time-consuming.

Learning To Use CAS

Students were asked what advice they would give friend who was going to study
MM (CAS). This simple question provided insightanwhat students identified as critical
factors for achieving success. There seemed tavbeatpects to this advice: what was
required to be a good CAS user (students knewrdsstarchers were interested in CAS)
and also what was useful to maximise mathematieatining and hopefully their very
important examination results.

Ann valued being able to make sensible choices tagificiency of CAS or by-hand
techniques and this comment suggested a focusrtorpég well in an examination. Ann
stressed the importance of knowing both by-hand@Ai8 techniques efficiently:

Learn how to use the calculators so that you'restieck and just don’t assume that the calculators
will do everything. Know how to do it by hand aslve® you can decide which is quicker...

Ann commented that she liked to use CAS as it dase the “..opportunity to do
something different and to exploré stating that she really enjoyed studying the CAS
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subject. This statement suggests that Ann used ©@Afedagogical ways, as well as
functional ways.

The focus of Beth’'s advice to a friend was to lefruse the CAS commands. Beth
stressed the importance of listening carefully lass to CAS instructions. She tended to
write down both CAS instructions and descriptiohebat the CAS could be used for.

| tended to write...the button names and stuff thaa brief summary of what it actually did. Or just
say you need to differentiate [so] go to CAS andlilitdifferentiate it.

Cate stressed the importance of knowing featuréiseo€CAS and how to use them. She
said that she normally learned how to use CAS filoenteacher but she also learned CAS
from other students and often sought their helpe @gported mangiscussions outside of
class time about what buttons needed to be préssertess particular CAS features.

.mainly with processes...which button to press oremghsay [particular calculator button
was]...how you had to go through catalogue to geiuiin to it [the CAS feature].

Interviewees also confirmed that peer networkshiwitand across classes, were
important for sharing technical information abosing CAS. Comments suggested that the
teachers ensured that students shared new CASvdige® with their classes. Only one
student (Ann) said that she read the manual tom lebout CAS and she commented that
the amount of extraneous material in the manuasexhulifficulties. Ann also learned to
use CAS through personal exploration, and frompeers and her teacher. Ann suggested
that her teacher was quite enthusiastic aboutrghaliscoveries about new CAS features,
showing these to the class using an overhead poojdder teacher also advised students
on programs available to download onto calculatBeth said one student in her class
found downloadable programs for the CAS and thidestt became the CAS expert in the
class, troubleshooting CAS queries. Eve said that Isarned to use CAS through the
teacher demonstrating procedures using the overpegdctor and she also valued the
CAS advice provided by the research team in a lmbgkiovided to students and teachers.
Faure and Goarin (cited in Trouche, 2005) in a ystofl French year 11 students’
relationship to calculators found that most leagrabout calculators occurred outside the
classroom rather than through teacher instruclibis appears to be a different situation to
that described by the five students interviewed wtiessed the important roles played by
teachers in learning about CAS in addition to tiygp®rt provided by peers. Teachers were
identified as important in the learning of CAS teicjues in these classrooms.

Conclusion

The interviews showed how the students used CA#hénexaminations and their
experiences of learning with it. The five studeh#sl different strengths, difficulties and
preferences, which indicate some of the range adtiens which teachers must deal with.
The students also demonstrated some commonalitiésis setting where the importance
of high marks on the examinations consisting maoflypredicable questions dominated
both teachers’ and students’ approaches, the raason for CAS use was getting answers
quickly, although some used it because they did tnadt their own by-hand skills.
Checking answers was another major use. In at tw@estinstance, it was clear that the
student had not appreciated the power of CAStudents reported that they actively
considered whether to use CAS or not, questionuggtipn. In this circumstance, we value
students being discriminating users of CAS so they do not use it without considering
whether there are more insightful or efficient noeth available. Pierce and Stacey (2004b)
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stress the importance of this development of judisiuse of CAS. The interview data did
not enable us to make judgements about the exdenhich students were discriminating
users, but it highlighted that any judgement ohbea discriminating user has to be made
with knowledge of the variation in the strengthstfidents’ by-hand skillsStudents with
weak by-hand skills must make different judgemehé&n students with strong skills. In
contrast to studies in other countries (e.g. Treu@005), students reported that their
teachers played an active role in helping them endlse technology.

Students considered issues associated with us@&8fi€ a very reflective way. They
had thought through many of the issues that we figkie anticipated that only teachers
deal with. Access to CAS did not mean that studeete happy to ignore by-hand skills or
neglect understanding intermediate steps: indeeaxutd be argued that by-hand skills
were uppermost in students’ minds. Some knew, hewedhat they could manage with
less technical proficiency. All of the students &adamant that use of CAS required what
we call algebraic insight (Pierce and Stacey, 2D@4#a several commented especially on
the need to be able to move fluently between diffeforms of algebraic expressions; a
key component of algebraic insight.

A very positive comment is that two students felhfident to attempt Mathematical
Methods (CAS) at year 12 where algebraic skills mmaye otherwise prevented them, and
their responses related to this subject were pesifiaken over all, three students were
very positive about their experiences in MM(CAS)edBeth) was negative and another
(Dana) was positive although she preferred nostthe machine. Their different reactions
reflect some of the diversity that exists in semm@thematics classrooms.
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