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This paper examines teacher actions that suppamg/ahildren to consider repeating
pattens as co-variational (functional) relationshipp use this understanding to predict
uncountable steps in the relationships, to expitesse relationships in general terms, and
use repeating patterns to introduce proportionadkthg. A teaching experiment was
conducted in two classrooms, comprising of a total5 children whose average age was 9
years and 6 months. This experiment focused onoergl teacher actions (including the
use of concrete materials, recording of data, amektipns asked) that supported young
children’'s development of co-variational reasonifidne results indicated that explicit
instruction assisted children to find patterns asrthe table as well as down the table, to
find the relationships between the number of tdaed an uncountable number of repeats.
Also the results indicate that young children aapable of not only thinking about the
relationship between two data sets, but also ofessging this relationship in a very abstract
form.

Mathematics has been referred to as the Scienpatt@rns (Steen, 1990). Abstracting
patterns is the basis of structural knowledge, gbal of mathematics learning in the
research literature (Johnassen, Beissner & Ya®@893;1Sfard, 1991). Thus the focus of
mathematics teaching should be directed to fogeiumdamental skills in generalising,
and expressing and systematically justifying gdisations (Kaput & Blanton, 2001).
Such experiences give rise to understandings treatirelependent of the numbers or
objects being operated on (e.g., atb = b+a regamdié whether a and b are whole
numbers, decimals, or variables). Ohlsson (1993hesasuch understanding abstract
schema and argues they are more likely to prommatesfer to other mathematical notions
than a schema based on particular numbers or donten

This belief is also reflected in recent internatibrand national syllabuses (e.g.
Queensland Studies Authority, 2005; National Coufwi Teaching Mathematics, 2000)
where Patterns and Algebra are now themes statitite early years. Yet, as reported by
Waters (2004), there appears to be very limitedrditre on patterning per se, and
particularly on generalising patterns and expregssind justifying these generalisations.
Most past studies have used patterning ability msandicator of readiness for other
mathematical ideas or as a precursor to reasorimg English, 2004; Klein & Starkey,
2003).

A common activity that occurs in many early yeatkssrooms in the Australian
context is the exploration of simple repeating gnalving patterns using shapes, colours,
movement, feel and sound. Typically young childaea asked to copy and continue these
patterns, identify the repeating or growing partd dind missing elements; a focus on
single variational thinking where the variation o within the pattern itself (e.g., what
comes next). Approaches for introducing algebrgoiong adolescents (12-13 years) build
on early explorations of visual patterns, using tb&tterns to generate algebraic
expressions (Bennett, 1988), with a focus on fameti thinking, and thinking between two
data sets (e.g. comparing elements of a patterthdw position in the pattern). Past
research has indicated that many young adolescexgsrience difficulties with the
transition to patterns as functions (Redden, 1¥érey & MacGregor, 1995; Warren,
1996, 2000). These difficulties include the lackappropriate language needed to describe
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this relationship, the propensity to use an adeistrategy for describing generalisations
(i.e., a focus on a single data set rather thamelagionship between two data sets), and an
inability to visualise spatially or complete patter However, young children are believed
to be capable of thinking functionally at an eafye (Blanton & Kaput, 2004), that is how
values are changed or mapped to other quantibesmonly referred to in the literature as
co-variational thinking (Chazan, 1996).

This paper investigates instruction that assistsygachildren generalise and formalise
their mathematical thinking, and come to some uwtdading of situations involving
repeating patterns. Two lessons were designed ten@xchildren’s thinking about
repeating patterns to include variation betweenetbeents of the pattern and the number
of repeats. The specific aims of the investigati@mne to: (a) document the implementation
of the lesson; (b) identify examples of childrealgebraic and functional thinking; and (c)
determine teacher actions, children’s material arse classroom activities that begin to
facilitate mathematical thinking

Method

The methodology adopted was that of a Teaching lixeat, the conjecture driven
approach of Confrey and Lachance (2000) and waketpry in nature. Two lessons
were conducted in two Year 4 classrooms from omedad one middle socio-economic
elementary schools from an inner city suburb of @omcity. The sample, therefore,
comprised 45 students (average age of 9 years amonghs), two classroom teachers
(Amy and Sarah) and 2 researchers. The lessongtedpo this paper were those
conducted by one of the researchers (teacher/cdsaar During and in between each
lesson hypotheses were conceived ‘on the fly' (8t& Thompson, 2000) and were
responsive to the teacher-researcher and the ssuddre two classes had shown differing
levels of ability: This decision was based on (8vmpus teaching experiments conducted
in these classes (Warren & Cooper, 2003), (b) #leefs of the two classroom teachers,
and (c) students’ records of achievement. Amy’s<i@4 students) was of average ability,
whereas Sarah’s class (21 students) was of avesdugh ability. The lessons occurred on
consecutive days, starting each day with a lessomy’s class and finishing with the
revised lesson in Sarah’s class.

The lessons were of approximately one hour’s domatihe first lesson consisted of
four phases, namely, (1) copying and continuingnaple ABBABBABBABB pattern
(represented with red and green tiles); (2) unaagegprogressive sets of repeats, counting
the number of A’'s and B’s in these sets, and rengrthe data in a table; (3) identifying
relationships within the table; and, (4) using tl@&tionship to predict the number of A’s,
B’s and total tiles in an uncountable number ofeggp. The materials used were red and
green square tiles. The second lesson focussedxtemding these understandings to
include more complex repeating patterns, exprestgiegco-variational relationships in
general terms and as ratios and rates of change.

During the teaching phases, another researcher clas$room teacher acted as
participant observers, recording field notes ofngigant events including student-
teacher/researcher interactions. Both lessons wdeotaped using two video cameras,
one on the teacher and another on the studentg;ypany focussing on the students that
actively participated in the discussion. Childreergv also encouraged to record their
thinking throughout each phase of the lessons. Eattempt was made to ensure that the
recordings were indeed that particular child’s kimg by allowing no erasers, emphasising
that we were interested in their thinking rathemtttorrect answers, and collecting the data
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at regular intervals throughout the lessons. Atdbmpletion of the teaching phase, the
researcher and teacher reflected on their fieldesyoendeavouring to minimise the
distortions inherent in this form of data collecti@nd arrive at a common perspective of
the instruction that occurred and the thinking bikRd by the children participating in the
classroom discussions. The video-tapes were trisasicr

In order to ascertain children’s capabilities wibpeating and growing patterns
before the teaching phase, a pre-test was adnaitédtr Figure 1 presents the questions
asked in the pre-test.

1(a) Continue 1(b) Complete

RDDERXD D adfjad) da | o aa
1(c) Complete @_%_UQDQ_@DQ__D (1d) Using I:' B O

Create your own repeating pattern

2(a)AC0ntinueA ATA ATA 2(b) Continue
5 X & X B8R SE
2(c) Continue 2(d) Using these two shapes create your own
growing pattern
N N A

Figure 1.Repeating and growing pattern questions

Results

The pre test (see Figure 1) was administered byldssroom teacher. The frequency
of responses for the 2 questions are presentedbleTl.

Table 1
Frequency of Responses to the Repeating and Grdwatigrn Question

Repeating patterns Growing patterns
la 1b 1c 1d 2a 2b 2c 2d
Incorrect 3 13 4 16 21 21 24
Correct 42 45 32 39 29 22 21 19
No answer 2 1 1

There was a significant difference between resuflthe repeating pattern component
of the test and the growing pattern component, asd between the results from the two
classes. It was conjectured that these childrenhaaldmany more prior experiences with
repeating patterns than growing patterns and they & firm understanding of the
developmental phases involved in understandingatepe patterns, namely, continuing,
completing and creating. There was also significhiférences between the two classes for
both types of patterns (Repeating,f£9.580; Growing F4+~24.040: p<.05), with Sarah’s
class exhibiting a greater ability for both. Thhe teaching phases focussed on extending
these understandings to include repeating pattese®-variations between data sets.

The two lessons in each classroom were compareterms of differences and
similarities between teaching actions and studespanses. Conclusions were drawn with
respect to the relative effectiveness of the temrtand the form and nature of any
development of algebraic thinking. Due to spacestramts, only the main conclusions
drawn from the data are discussed in this paper.
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Lesson 1: Classroom 1 — Amy’s class

Phase 1: The repeating of GGRGGRGGRGGRGG (wheredtite and G=green tile)
was successfully created by all students. In otdeascertain if they could translate
between repeating patterns, they were asked tothesdiles to make a new repeating
pattern that is the same as this pattern’. Somemmmresponses were RRGRRGRR, with
a typical explanation beingstead of starting with 2 greens you start witreds Another

common response waHH. HH. HH.HH.HH with the explanation besgme

same different same same differenOne child (Sam) made the pattern
RGGRGGRGGRGG and when asked if this pattern wasva pattern as compared with
the first one, he respondatlis different because it starts with R instead>@, suggesting
that perhaps the starting position is seen as aoriant characteristic of repeating pattern.
This conjecture was tested by asking who thoughtt BGRGGRGGRGGR was the same
pattern as or different from RGGRGGRGGRGG. Manydveld that they were different,
with Sally saying that they were different becaitse different same same, different same
same, not same same differdBitit some thought that it was the same pattezrnust have

a different start.

Phase 2: Reforming the repeating pattern GGRGGRG@®GiRlren were asked to use a
card to expose the first set of the repeating patad record the number of green tiles and
red tiles, comprising two columns. This process veggrated for 2 sets, 3 sets, 4 sets and
5 sets. Most could successfully complete the talbkesome had to physically count the
tiles each time Figure 2 illustrates the stephdﬂtask

EE GRS EeE mm O N mm EE

Figure 2.Uncovering the GGRGGRGGR repeating pattern.

When asked to extend this table for other repeatlraus, many children first extended
one side of the table downwards and then complitedther. The following photograph
illustrates this trend.

red | geeen It seemed that many children extended the tableatterning down

\ fs the table instead of across it. This conjectureasfirmed by the

3 ¢ following conversations. ‘Who wants to explain thegttern to me?’

“4 ff, Annabelle saidyou keep adding 2 to the reds and 1 to the greens
12 But as Steven indicated not all children thoughe lithis. His
//Z response to this question wd$iereds are double the greenso

what if | had 5 greens how many reds?” Steven 44id,

Phase 3: In order to ascertain if these childramdcoorrectly predict the number of
tiles for an uncountable number of repeats, thesevasked, “What if | had 212 red tiles,
how many green tiles would | have?” Annabelle resjsnl,214 — because it is two more
than the redsit was conjectured that the focus of her thinkivess on adding 2 to the reds
rather than the relationship between the numbeedftiles to the number of green tiles.
Steven'’s response wadp. You count the reds and you count the greensoaedred is
worth 2 greens so it is 2 lots of 21€hildren were then asked to complete a similar
question on the worksheet where the pattern wasQ) Q[ |OQO ]

Phase 4: Responses to the worksheet question hereds Most children had correctly
completed the table for 4 repeats, that is, erjetine ordered pairs (3,1), (6,2), (9,3) and
(12,4) in the table under the headings hearts godres. They were then asked, “If | had
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100 repeats, how many squares would | have andrhamy hearts would | have?” Kyla
said,100 squares and 108 heartd/hen asked, “How did you work it out?” Klya poidte
to the last entry in her table and stidre are 8 more hearts than rectangles so it & 119
this instance she was using one example to reachdmeralisation. When the class was
asked if she was correct, many agreed with her.gt@am who disagreed, pointed to the
table and saidThere are 300 hearts and 100 rectangles bec§osimting to the entries in
the table)3 times 1 is 3, 3 times 2 is 6, 3 times 3.i$n9further conversations with the
children it appeared that many did not know theieé times tables. This was confirmed in
the transcripts and the field notes taken by ticers# researcher.

As a result of the difficulties these children es@eced with reaching generalisations,
it was decided to change the lesson so that (ayeberding in the table included the
number of repeats, and (b) processes were develihyddlirected children to look for
patterns across the table (co-variational thinkiag) well as down the table (single
variational thinking).

Classroom 2 — Sarah'’s class

Phase 1: This phase attempted to probe more déeplghildren’s understanding of
repeating patterns. The following patterns weravdran the board and they were asked to
copy and continue these patterns with their tiles

() EREEC b)) OEEEON

For the first pattern, all of the children in tlsiass could copy and continue the pattern.
When asked, “What part repeats?” Jill s&ted Red“What else repeats?” Brian saithe
green. The green comes after the.rédr the second pattern two different responsee we
given by these children. Most continued the pattsrrisimply adding i ]  stating the
repeating part was GRRR. Only one child made thteepra GRRRGRGRRRGR stating
that for this instance the repeat was GRRRGR. Tajmrria/ oféhis clggs could represent
the pattern (a) in a variety of different ways, éxample C<oun

Phase 2: In this phase children were again askedgose subsequent repeats for the
GGRGGR pattern, (e.g., GGR; GGRGGR; GGRGGRGGR, etognt the number of
greens and reds in the exposed patterns but thésriot only record the number of greens
and reds in a table but also the number of exposgeats. Figure 3 illustrates a typical
response of how children recorded the data andibeddhe pattern in the table.

9
®——'& " o ADM e Qresne once Palg of the Red
Q?‘Z 14 Qlne n, £ repeols w5 aw The geesa
( Y & /l‘ @) The Red, o tap_ s ool Ahe Green G ocs oy
§2) ¢ el =y -t
\,[/ “" % @MDL o Aculde the Creens

@[ho Reds ore o\ een

Figure 3 An example of a response given for the GGRGGR@&tkern.

In this phase, a discussion ensued about the typbpatterns that were in the table,
across patterns and down patterns. As Brian conedgthy do we need the number of
repeats? It is the same as the last colu@hildren were directed to write the words
‘across’ and ‘down’ on their papers and to find tiwo each. This seemed to assist them in
focusing on a wider variety of patterns. Also thadents’ responses were classified in the
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subsequent classroom discussions with regard tpdtierns they could see in the table as
either ‘down patterns’ or ‘across patterns’. Studewere asked to justify their responses.

Phase 3 and Phase 4 were similar to the phasesdtatred in Classroom 1, only in
this instance children were more capable of findimgountable steps from the patterns
they described in the table. It was conjecturetltthia was assisted by recording the repeat
number as well as the number of reds and numbayredns in the table, and by the
discussions that directed the children to iderdidyvn and across patterns. Many appeared
to use the across pattern to assist them to fieddhutions to uncountable steps.

Lesson 2

The focus in this lesson was to (a) implement sgfias that were successful in Sarah’s
class and determine if they assisted Amy’s claggaching generalisations with regard to
the patterns in the table, (b) introduce ratio eatd, and (c) ascertain if children in Sarah’s
class could describe generalisations and recoid gbaeralisations using abstract symbol
systems.

Classroom 1 — Amy’s class

The lesson began with a refocus on the pattern RRRRBSRRRGRRRG. The
introduction of the separate column for recording humber of repeats and the insistence
that they look for ‘across’ as well as ‘down’ patte appeared to assist these children in
describing the generalisations as well as reacbamgect solutions for uncountable steps.
From an examination of their responses on theirkwabreets, 15 children attempted to
write across patterns, with 4 children linking tlepeat number to the number of greens
and 11 children linking the repeat number and tmalver of greens to the number of reds.
This result suggested that recording the repeatoeurand separating the generalisations
into across and down patterns assisted these ehildr find across patterns. Twenty one
children also successfully ascertained that for i€fleats there are 300 reds and 100
greens. Ten children successfully recorded thidueife are 60 reds, there are 20 greens and
20 repeats. A further 13 simply stated that forré@s there are 20 greens. Twenty two
children could also record the relationship betwéennumber of reds and greens as ratios
(e.g., 3reds to 1 green, 6 reds to 2 greens etc.).

Classroom 2 — Sarah’s class

The instruction in this class extended to the raliase and included an examination of
the repeating pattern RRGGGRRGGGRRGGGRRGG andngritnis ratio in general
terms. The question was asked, “Suppose | had eatgpwhat is the ratio of reds to
greens. How many reds? How many greens?” They asked to write their responses on
the back of their worksheet. The following Figutkistrates some of the children’s
responses to this question.

When asked to explain their response (d), Annalselie,You add another leg to n for
reds and then another leg for greefifirteen children wrote responses similar to those
represented in Figure 4, four wrote responsesrmdef large numbers (e.g. 2000 reds to
3000 greens), and four did not attempt to wrigeeaeralisation.

Ntepeas QXN 4o BXN(b) " fepetan

(@) Fadd
00  FEO°A¥o 305 grean
2 , St ey : T
(c) . AOMD%'Q\ redslo im@fﬂ“ﬂﬁ’f‘“\ (d) /n rede Te MmN 9reens

Figure 4.Children’s responses to ‘If | had n repeats, whahe ratio of reds to greens?’
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Discussion and Conclusions

This research not only commences to document yathilgiren’s thinking about
repeating patterns, but also instructional proce#isat begin to assist in broadening their
thinking about repeating patterns. It also includessoning of these patterns in general
terms and relating them to concepts such as ratmohproportion. Four conclusions are
drawn from the data.

First, the results of the pre-test indicated thatsé children, after their experiences in
the early years had a significantly greater undeding of repeating patterns than growing
patterns, indicating that either growing patterne eognitively more difficult, or their
classroom experiences in the early years focussedominantly on the exploration of
repeating patterns. Following discussion with th@&ssroom teachers and the children
themselves, it seemed that in one of these schioelgter was the case. This is a concern
as it is the growing patterns that are traditionaled to bridge the gap between arithmetic
and algebra in early adolescent classrooms. Hehee,conjectured that many children
may be experiencing difficulties with this transitidue to their lack of prior knowledge
and experiences with growing patterns as well igdlties with co-variational thinking.

Second, many of these children viewed repeatingeqet as having a particular
starting point, implying that they do not see réjepn patterns as extending in both
directions. This is evidenced by their belief tR&EGRGGRGG and GGRGGRGGRGGR
are different patterns. Yet this understanding gmids our discussions with regard to
patterning the number line to include the negativenbers and the place value chart
including the decimals. Further research on theachgthat this has on these conversations
is required.

Third, past research has indicated that childred te have a propensity to look for the
additive strategy (look down the table) when seaggHor patterns in tables of values
(Warren, 1996). This research confirms this findifig also suggests that particular
teaching strategies and questions can assist ychitdyen to begin to search for ‘across’
patterns. This is evidenced by the change in ceate@ns between Lessons 1 and 2 in
Amy’s class. After establishing structures thatisied these children to refocus their
pattern searching activity, most could give at le@se across pattern. This refocus also
assisted these children to correctly answer questath regard to uncountable steps in
the pattern, for example, how many reds and graed€0 repeats? The instruction also
appeared to assist children such as Kyla to reaghria generalising from one example to
uncountable steps.

Fourth, there has been an assumption that younddrehi cannot express
generalisations with more abstract symbol systérhg research suggests that they can.
Their generalisation seemed to fall into four mamtegories, namely (a) using large
numbers to express the generalisation, (b) simgypeating the number of n’s to form an
n, two n’s joined togethe””? and finally 3 n’s joined togethe~, (d) using words to
express the generalisations, such as, Double rrigoel n or two times n and three times
n, and (e) formal notation, such as, 2xn 3xn. Nohéese children placed the number
after the variable (e.g. n2 or nx2), a common m@obldelineated in past research. It is
interesting that after reanalysis of the transsript appeared that the classroom
conversations always placed the number beforedhable (e.g. double the number of n’s
or 2 times the number of n’s). The role that larggualays in assisting children record
their generalisation in the correct mathematicdeodeserves further investigation.

This research is ongoing. The results from thestcpéar lessons not only gives future
directions for the research but also commencedeuwtify teacher actions that assist young
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children to generalise and formalise their math@ahbthinking, and identify thinking that
impacts on this process. Many of the difficultiéege children experienced mirror the
difficulties found in past research with young aments. This suggests that perhaps these
difficulties are not so much developmental but exeial. From this beginning research it
seems that young children can begin to articulateep structure sin general terms.
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