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This study describes errors and misconceptiong@fervice primary teachers, at course
entry, across the mathematics curriculum. A Rasdalyais of a multiple-choice
mathematics test uncovered patterns of errorsdohart of 426 students at the beginning
of their teacher education course. These errore wevarying sophistication. A map of an
individual’s errors is also presented and we disdwsv teacher educators and students can
confront subject matter knowledge misconceptioriagughe diagnostic capability of the
test.

Knowledge of the common mathematical errors anccomeeptions othildren can
provide teachers with an insight into student timgkand a focus for teaching and learning
(Bell et al, 1985; Black & Wiliam, 1998; Hart, 198%chmidt et al., 1996; Stigler &
Hiebert, 1999; Williams & Ryan, 2000). A social ebructivist view of learning suggests
that errors are ripe for classroom consideratiaa; discussion, justification, persuasion
and finally even change of mind, so that it is 8tadent who reorganises their own
conception (Cobb & Bauersfeld, 1995; Cobb, Yackéil&Clain, 2000Ryan & Williams,
2003; Tsamir & Tirosh, 2003).

Shulman’s (1986) three categories of teacher cotriteowledge — subject matter
content knowledge, pedagogical content knowledge amrricular knowledge — are
intertwined in practice. Pedagogical content knalgkeincludes

an understanding of what makes the learning ofipeapics easy or difficult: the conceptions and
preconceptions that students of different ages lackgrounds bring with them ... If those
preconceptions are misconceptions, which they adtenteachers need knowledge of the strategies
most likely to be fruitful in reorganizing the undtanding of learners. (Shulman, 1986, pp. 9-10)

Subject matter knowledge is more than knowledgéacts or concepts — it requires
knowledge of both the substantive structure (factd their organising principles) and
syntactic structure (legitimacy principles for thales) of a subject domain. The
transformation of subject matter knowledge into ggembical content knowledge is a
significant focus in teacher education (Gouldingwiand & Barber, 2002). We suggest
that pre-service teachers who confront tloewn mathematical errors, misconceptions and
strategies in order to reorganise their subjecten&nowledge, have an opportunity to
develop a rich pedagogical content knowledge.

Most teacher education institutions require a murnmlevel of school mathematics
achievement in their admissions procedures foriegopts (typically in Victoria it is a year
11 mathematics). However, such levels do not peoVide detail about subject matter
knowledge. Our research attempts to uncover motail dbout beginning pre-service
teacher subject knowledge in mathematics, includungent attainment, patterns of errors
(behaviours) and misconceptions (inferred cognisivactures), and makes suggestions for
diagnostic teaching in pre-service teacher educa&ibnrses.

It is mandatory in the United Kingdom for teachetueation courses to provide
evidence of secure subject knowledge of studeniagltheir training (TTA, 2003) and all
beginning teachers must pass a numeracy test (fhsasvéiteracy and information and
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communication technology tests) to gain qualifieécher status by the end of their
induction period. Some states in the USA use psideal assessments of reading,
mathematics and writing for beginning teachers a$ @f their teacher licensure process
(Gitmer, Latham & Ziomek, 1999; Study Guide for tPie-professional Skills Test, 2003).
However, a search of the literature found no numetast for pre-service teachers that
supplied detail of mathematical errors and miscptices across the mathematics
curriculum. Our work provides the missing diagnostnformation: what are the
misconceptions, what are the ability levels of stud that hold them, and how can the
errors be used so that pre-service teachers caorgasise their mathematical
understanding?

A Teacher Mathematics Test

The ACER Teacher Education Mathematics T@&MT) (ACER, 2004) is designed to
test the mathematical attainment of beginning prjnteainee teachetsand to uncover
errors, misconceptions and strategies in orderdoige diagnostic feedback. A ‘primary
teacher curriculum’ was first constructed from asideration of the Victoria@urriculum
and Standards FrameworkCSH (Board of Studies, 1995; 2000Mathematics — a
Curriculum Profile for Australian School&urriculum Corporation, 1994) and the UK
Initial Teacher Training National Curriculum(Department for Education and
Employment, 1998; Teacher Training Agency [TTA],03D. TEMT assumes level 5/6
attainment on th€SF. Multiple-choice items were written to test bothbstantive and
syntactic knowledge of the primary teacher curuoul

The TEMT test items were written with diagnosticlicmy for most distracters (three or
four per item). This paper reports on some of tlnere and misconceptions uncovered by
the TEMT. A range of mathematics education reseamhchildren’s and teachers’
knowledge and errors informed the writing of theMEitems and choice of distracters
(e.g., Ashlock, 2002; Coben, 2003; Hart, 1981; W&09; Ni, 2000; Pitkethly & Hunting,
1996; Rowland, Heal, Barber & Martyn, 1998; RyanWilliams, 2000; Thompson &
Saldanha, 2003; Williams & Ryan, 2000). It was aeen to be important to provide adult
contexts for test items and to take advantage efpiesumed higher reading ability of
adult students.

Methodology

Students across three different degree coursed Kot 426) took a TEMT test in the
first few weeks of the first year of their teacleelucation degree at a university in Victoria
in 2004. There were three equivalent forms of #s with 15 link items, with each test
containing 45 multiple-choice items (105 items atat). The use of calculators was not
allowed. The tests were timed for a 45-minute ngsperiod. The six curriculum strands
covered were: Number (16 items in each test), Measent (8), Space and Shape (8),
Chance and Data (6), Algebra (5), and Reasonindg”aodf (2). Marks were not deducted
for incorrect responses.

11t can also be used as a tool to aid selectiantartiary courses.

2 According to the 2000 edition of tH@SF (CSF i), “It is expected that the majority of studentdl wie
demonstrating achievement at level 6 by the endredr 10 — a realistic requirement for functional
numeracy.”
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The three test forms were found to be well-equatée. test was used to report a total
achievement scor® the university which reported that the testres@enerally correlated
well with the trainees’ grades, some months later,the Basic Skills Test that the
university had been using for some years. Sub-samreeach strand were also reported.

Analysis

A Rasch analysis (Rasch, 1980; Wright & Stone, 19v&s undertaken using Quest
software (Adams & Khoo, 1996). Our data were fotmde compatible with the Rasch
model. Test reliability and goodness of fit areared in Ryan and McCrae (2005). Quest
provides classical statistics as well ismn estimategitem difficulty estimates with the
mean difficulty set at zerogase estimatetudent ability) and fit statistics.

An item mapoutput uses a logit scale (usually from —3 to Bwanich both items and
cases are calibrated. A student with an abilityneste of, say, 1.0 is likely (probability
level of 0.5) to have correctly answered all itdmsing difficulty below the same estimate
(here, 1.0).

An item analysisoutput provides, amongst other statistics, theueacy of each
response (correct and incorrect) anch@an ability estimatef the students making each
response (correct and each incorrect). It is tbeegbossible to consider which students are
making which errors and to consider the ‘sophisitica of each incorrect response.

For example, an item testing the skill of multipion of decimals “0.3x 0.24 ="
showed a range of errors (see Table 1).

Table 1
Item Analysis for Multiplication of Decimals

Response Inferred Misconception Frequency Mean Ability
logit
A. 0.072 CORRECT 36.1% ( %235
B. 0.08 0.3 is one-third or decimal implies divisio  3.5% 0.76
C.0.72 3 x 24 and adjust to 2 decimal places 41.1% 0.14
D.0.8 0.3 is one-third or a decimal implies 2.8% -0.52
division and adjust to 1 decimal place

E.7.2 0.3x0.24=3x24 15.3% 0.84
Omitted 1.4% -2.29

Table 1 shows that the mean ability of studenteriectly selecting option C was 0.14,
while those students who incorrectly selected opEdad a higher mean ability of 0.84. E
appears to be a more ‘sophisticated’ error thaar@ (he other distracters in this item). By
this means, we can locate all errors in terms ditylestimates of students.

Another item “Write 912 oon decimal form” indicated a significant percerga@

total of about 24%) of students with various miszptions of place value (see Table 2).

A further item “300.62+ 100", that tested division by 100, showed a raoferrors
again relating to place value understanding (sé#eTd). Option E was the most common
error and the mean ability of students making ¢nisr (0.10) was higher than for the other
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distracters. Students who chose option E appareeiharated ‘whole’ and ‘decimal’ as
different entities.

Table 2
Item Analysis: Place Value Understanding

Response Inferred Misconception Frequency Mean Ability
logit

A.912.4 ‘hundredths’ is first decimal place 3.5% (091-32

B. 912.04 CORRECT 76.3% 0.91

C.912.004 ‘Unit-ths, tenths, hundredths’ 12.2% 360.

D. 912.25 4/100 is ¥ or 100 divided by 4 gives the  6.0% -0.10
decimal or 1/25is 0.25

E. 912.025 100 divided by 4 is 25 and ‘unit-thathes, 1.6% -0.10
hundredths’

Omitted 0.7% -0.77

This ‘separation’ strategy (see Table 3) was alideat in other items where the
operation was multiplication and also where the benwas mixed (integer and fraction).
The misconception underlying the strategy is imgnatrbecause it also appears to be at the
root of the well-documented ‘decimal point ignorexdid the ‘longest/largest decimal is
smallest’ errors (Assessment of Performance UritJj\ 1982).

Table 3
Item Analysis: Division by 100

Response Inferred Misconception Frequency Mean Ability

logit

A. 30062 ‘Move’ decimal point 2 places to the right 0% {odt)

B. 30.062 ‘move’ decimal 1 place to the left 6.4% 0.13

C. 30.62 ‘cancel’ a zero 2.6% -0.18

D. 3.0062 CORRECT 68.8% 0.98

E. 3.62 Integer-decimal separation or ‘cancel dger 22.0% 0.10

Omitted 0%

We have reported above on some Number items to nignate apattern of place
value (mis)conceptions across items. Other Nuntberd indicated that many students had
faulty algorithms and often operated in a one-gtegeress only. Items involving two-step
operations were considerably more difficult for 8tedents. There are similar patterns for
other strands of the curriculum. For example, inraMgement the reading of linear scales
in various contexts indicated that many student®weunting the ‘tick marks’ rather than
the ‘gaps’ and not accounting for non-unitary ssal€here were also errors in spatial
vocabulary (perpendicular/diagonal/hypotenuse c@afy similar/congruent confusion)
and measurement vocabulary (area/perimeter comiusio

Altogether 44% of the items contained at leastdistracter that, from the literature, is
believed to be an error that diagnoses a signifioasconception. Ninety-three percent of
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these errors occurred significantly more than wdwdexpected from students’ guessing
and hence is prima facie evidence of the miscomept

Individual Profile: Kidmap

The Quest item analysis statistics were used tatifggpatterns of errors for the cohort
of students. Quest also producedsdmapthat is an output for each individual identifying
their correctand error response patterns.

----------------------------------------------- KIDMA P
Student: 6 ability: 0.90
group: all fit: 1.10
scale: all % score: 64.44
--------------- Harder Achieved ------------------—-----------Harder Not Achieved -------------
I I
truncat ed
25 | |
I I
I I
I I
I I
I I
I I 28(3)
: : 13(1)
42 | | 39(1)
| | 27(3) 41(2) 44(1)
......................................... 5(1) 32(5)
12 | I
45 | |
| XXX 8(2)
40 | | 33(4)
38 30
23 15 | |  35(5)
37 29 | |
R
14 4 3 | | 18(3)
o
22 17 2 1 | 9(1)
43 34 26 19 11 | |
24 10 | | 16( 2)
I I
36 | I
31 | | 21(1)
I I
I I
20 | I
truncat ed
I I
-------------- Easier Achieved ------------------eeeeeeee—————-Easier Not Achieved ------------

Figure 1.Kidmapfor student 6: Pattern of response.

An example is shown in Figure 1 where student 6 drasbility estimate of 0.90, a
mean square infit statistic of 1.10 and a totatead 64.44%. The row of Xs (centre of the
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map) indicates the ability estimate of the stud@rfi0 in this case) and the dotted lines are
drawn at + 1 standard error.

The items are plotted at their difficulty level liogits. The itemshot achieved by the
student are plotted on the right-hand side of tlag.nThe actual response made for each
incorrect item is indicated in parentheses: for nepi@, student 6 would have been
expected to have achieved item 35 (below the |@e¢ed line) but responded incorrectly
with option 5. This enables the diagnostic erradidated in the bottom right quadrant to
be studied more carefully.

For example, we analyse the case of student 6dier @0 demonstrate how the&map
profile can be used on an individual basis. Inrtgbt-hand bottom corner {4quadrant) of
student 6’'skidmap (Figure 3), there are eight ‘easier not achievehs that the student

was expectedp(2 0.5) to have achieved given his/her ability estandthese errors are
examined in detail with an inferred misconceptionthe choice of distracter in Table 4.

Table 4
Analysis of Student 6’s ‘Easier not Achieved’ Items

Item Difficulty Description Inferred Misconception
logit
8(2) (0.85) Algebra: general statements Variable as gpeuimber
33(4) 0.68 Number: Identifying ratio within  Additive tendency
several ratios
35(5) 0.43 Number: Calculating surface area  Area/voluordiusion
6(3) 0.11 Space: Cartesian co-ordinates Co-ordinatesalve
9(1) -0.69 Reasoning: logic Triangle prototype (equal
angles)
18(3) -0.97 Measurement: grams to kilograms 100g is 1 kg
16(2) -1.09 Number: Fraction representation Unequal prighole treated
as equal
21(1) -1.56 Algebra: words to symbols ‘more than’ implresltiply

These errors are particularly interesting becausdest 6 was expected to have
responded correctly for these items — they migtiicete gaps or ‘bugs’ in knowledge. The
items in the top left corner {lquadrant) are the ‘harder achieved’ items. Theeobr
responses here may suggest guessing in the mdhiplee test format.

Conclusion

We have shown that it is possible to construct astriment designed for the
measurement of teachers’ subject knowledge thai hbs diagnostic properties, by
selecting and calibrating items that have diagongsttential (mainly from the literature on
children’s misconceptions) in the test constructimoecess. Many items revealed that
significant proportions of a cohort on entry totiedi teacher education have the targeted
errors/misconceptions. It was further shown thatuglent’'skidmapcan be used as a tool
for identifying an individual student’s profile oérrors, hence providing automated
feedback of potential diagnostic value to the stide
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Implications for Initial Teacher Education

Errors uncovered by thACER TEMTcould form the basis of group discussion;
considering why the given reasoning is correctnaoirect, what warrant is presented to
support a claim, and what mathematical ‘tools’ kefacts are called on to demonstrate or
help to re-organise understanding. This focus cbel@f value to a beginning teacher and
to the tertiary educator seeking to gain insight students’ misunderstandings. A teacher
educator could use cohort patterns as the basisdoflict peer group discussion of
different conceptions (Bell et al, 1985; Cobb & Besfeld, 1995; Ryan & Williams, 2000)
to support pre-service teacher learning. Withinugrdiscussion, students can be asked to
listen to others via discussion, justification, aeasion and finally even change of mind, so
that it is the student who reorganises their ownception. Toulmin’s (1958) model of
argument is helpful here and a range of errorglisable in such conflict discussion.

For example, the separation strategy (indicatetBB0.62+ 100 = 3.62” in Table 3) is
suitable for such discussion where the meaningunfber and division are paramount.
What representations do different students drawtmnustify their claims? Which
representations are successful in shifting or gtreeming a conception? For a pre-service
teacher, it is the use akpresentationsthat may shift procedural behaviour towards
conceptual understanding. Indeed representatiomghar life-blood of teaching and the
basis of pedagogical teacher knowledge.

A kidmap provides a profile of an individual's errors. Waggest that pre-service
teachers could use thésidmapsto investigate their own understandings. We areeatly
researching how pre-service teachers can do thisessfully. Teacher errors deserve
attention not least to avoid transfer to childnerschools. Errors provide opportunities for
pre-service teachers to examine the basis for thein understandings, as well as
identifying areas for attention by teacher eduator

Pedagogical content knowledge is characterisedcisding “’the most useful forms of
representation of ... ideas, the most powerful ane#ygillustrations, examples,
explanations, and demonstrations — in a word, thgsvef representing and formulating the
subject that make it comprehensible to others” ([8hn, 1986, p.9). We believe that the
beginning teacher needs to first make the subjeotpcehensible to him/herself — to
examine the “veritable armamentarium of alternafmens of representation” (Shulman,
1986, p.9) so that mathematics learning is modeligchmically as change, re-organisation
and confirmation of ideas.

References

Adams, R. J., & Khoo, S-T. (1996ACER Quest: The interactive test analysis syshetbourne: ACER.

APU (Assessment of Performance Unit). (1982)eview of monitoring in mathematics 1978-1982ndon:
DES.

Ashlock, R. B. (2002)Error patterns in computation: Using error pattermio improve instructiorfEighth
edition). Upper Saddle River, NJ: Merrill Prentidall.

Bell, A. W., Swan, M., Onslow, B., Pratt, K., & Riy; D. (1985) Diagnostic teaching: Teaching for lifelong
learning. Nottingham: University of Nottingham, Shell Cenfoe Mathematics Education.

Black, P., & Wiliam, D. (1998)Inside the black box: Raising standards throughsstaom assessment.
.London: Department of Education and Professiohadi8s, King’s College.

Board of Studies. (1995Curriculum and standards framework: Mathematigkelbourne: Board of Studies.

Board of Studies. (2000)Curriculum and standards framework II: Mathemati¢Revised edition).
Melbourne: Board of Studies.

Cobb P., & Bauersfeld, H. (1995). (Ed¥he emergence of mathematical meaning: Interadtiaziassroom
cultures.Hillsdale, NJ: Erlbaum.

647



Cobb P. E., Yackel, E., & McClain, K. (Eds.) (200@Bymbolizing and communicating in mathematics
classroomsMahwah, NJ: Lawrence Erlbaum.

Coben, D. (2003)Adult numeracy: Review of research and relatedditere. Research reviewsydney:
National Research and Development Centre for Adtdracy and Numeracy.

Curriculum Corporation. (1994Mathematics — A curriculum profile for Australiact®ols. Melbourne:
Author. Retrieved fronmttp://www.nrdc.org.uk/uploads/documents/doc_286P.p

Department for Education and Employment. (19983aching, high status, high standards: Circular8/9
[Annex D]. London: Her Majesty’s Stationery Office.

Gitmer, D. H., Latham, A. S., & Ziomek, R. (1999)he academic quality of prospective teachers: The
impact of admissions and licensure testingpndon: Teaching and Learning Research Report.
Educational Testing Service.

Goulding, M., Rowland, T., & Barber, P. (2002). Bo#& matter? Primary teacher trainees’ subject
knowledge in mathematicBritish Educational Research Journ@8(5), 689-704.

Hart, K. (1981)Children’s understanding of mathematics 11-41éndon: John Murray.

Ma, Liping (1999) Knowing and teaching elementary mathematics: Teathaderstanding of fundamental
mathematics in China and the United Statddahwah, NJ: Lawrence Erlbaum Associates.

Ni, Y. (2000). How valid is it to use number lin@smeasure children’s conceptual knowledge abdigral
number?Educational Psychology0(2), 139-152.

Pitkethly, A., & Hunting, R. (1996) A review of rent research in the area of initial fraction corisep
Educational Studies in Mathematics(B)) 5-38.

Rasch, G (1980Probabilistic models for some intelligence and mttaent testsChicago: The University of
Chicago Press.

Rowland, T., Heal, C., Barber, P., & Martyn, S998). Mind the ‘gaps’: primary teacher trainees’
mathematics subject knowledge. In E. Bills (E&)oceedings of the British Society for Research in
Learning Mathematics Conferenfap. 91-96). Coventry: University of Warwick.

Ryan, J., & McCrae, B. (2005, accepted). Pre-sertgéachers’ mathematics subject knowledge: Admissio
testing and learning profiles (Short Oral Commutiizg. Proceedings of the #%annual conference of
the International Group for the Psychology of Mattagics EducationMelbourne, Australia: PME.

Ryan, J., & Williams, J. (2000)Mathematical discussions with children: Exploringethods and
misconceptions as a teaching stratetlanchester: Centre for Mathematics Education: Eirsiy of
Manchester.

Schmidt, W. H., Jorde, D., Cogan, L. S., Barrier, Gonzalo, l., Moser, U., Shimuzu, K., Sawada, T.,
Valverde, G. A., McKnight, C., Prawat, R. S., Wil&). E., Raizen, S. A., Britton, E. D., & Wolfe, B.
(1996). Characterising pedagogical flow: An investigatiohmathematics and science teaching in six
countries.Dordrecht: Kluwer.

Shulman, L. (1986). Those who understand: knowlagtgevth in teacher€Educational Researcher, (5,
4-14.

Stigler, J.W., & Hiebert, J. (1999The teaching gap: Best ideas from the world’s teastor improving
education in the classroarhlew York: The Free Press (Simon & Schuster Inc.).

Study guide for the pre-professional skills t§®tBST). (2003). (Second edition.) Princeton Nlidational
Testing Service. PRAXIS series.

Teacher Training Agency (2003Qualifying to teach: Professional standards for bfied teacher status
and requirements for initial teacher trainingondon: Teacher Training Agency.

Thompson, P. W., & Saldanha, L. A. (2003). Fractiamd multiplicative reasoning. In J. Kilpatrick, 8.
Martin & D. Schifter (Eds.)A research companion to Principles and Standardsédoolmathematics
(pp- 95-113). Reston, VA: NCTM.

Toulmin, S. (1958)The uses of argumer@ambridge: Cambridge University Press.

Tsamir, P., & Tirosh, D. (2003Errors in an in-service mathematics teacher classno What do we know
about errors in classroomsPaper presented at thé" International Symposium of Elementary
Mathematics Teaching. Prague, Czechoslovakia.

Williams, J., & Ryan, J. (2000). National testingdathe improvement of classroom teaching: Can they
coexist?British Educational Research Journal, (28, 49-73.

Wright, B., & Stone, M. H. (1979Best test design: Rasch measurem@hicago: MESA Press.

648



