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The aim of this study was to gain a better undaditey of the ways in which children
conceptualise fractions as quantities when thewasked to compare the size of fractions.
One hundred children aged 11 and 12 were askeubtose the larger of two fractions and
to explain their reasoning. The questions progeefigen comparing unit fractions to
comparing fractions close to one-whole with difféerdenominators. By coding the
children’s responses according to the comparatiegegly evident in their explanations, a
range of strategy categories was identified andnpkéed.

When students encounter problems involving frastighey often solve the problems
by using their knowledge of whole numbers (BehrcWémnuth, Post & Lesh, 1984; Mack,
1995; Yoshida & Kuriyama, 1995). With common fracs students may reason tHats
larger than: because 8 is larger than 7, or they may beliea¢ $his the same ag

because in both fractions the difference betweenemator and denominator is 1 (Behr,
Wachsmuth, Post et al., 1984). This reasoning appeabe based on students continuing
to use properties they learned from operating witiole numbers. “For all children, their
previous whole-number schemas have influenced ti@lity to reason about the order
relation for fractions” (Post & Cramer, 1987).

When comparing fractions, students often focushenwhole number numerators, the
whole number denominators or both whole numbersthim Concepts in Secondary
Mathematics and Science (CSMS) project, approximatee-quarter of 14 and 15 year-
olds responded witB when asked to write down a fraction that came betw$ and
(Hart, Brown, Kuchemann, Kerslake, Ruddock & Md@ay, 1981). Such a response is
consistent with comparing both numeratoés>£) and denominators (3>2) as whole
numbers.

Vinner (1997) described similar fraction comparisbrategies, such as “the bigger the
denominator the smaller the fraction”, as pseudaydical behaviour. The application of
these spurious or incomplete strategies can resatirrect answers for the wrong reasons.
A question from the Third International Mathematarsd Science Study (TIMSS, 1996),
“Which of the following numbers is the smallesty 1&6 (b) 2/3 (c) 1/3 (d) 1/2” could be
correctly answered using “the bigger the denommtite smaller the fraction”. However,
the application of a similar strategy, “the smatle denominator the greater the fraction”,
to another TIMSS question, “Which number is theatgst? (a) 4/5 (b) 3/4 (c) 5/8 (d)
7/10” would lead to the selection of option (b)nWer reported that 42.1% fewef grade
Israeli students correctly answered the second tignesthan the first question.
Approximately 39% of the students selected optioyy Wwhich may have been influenced
by the application of a strategy such as “thellems&he denominator the greater the
fraction”. The difference in the percentage of eotiresponses to these two similar fraction
comparison tasks suggests that the expected methaging equivalent fractions may not
have been the only substantial coherent methodeajpl

Thinking quantitatively about fractions relies upegual-partitioning (Lamon, 1996)
and the invariance of the whole (Yoshida & Saw&tif)2). In representing a number less
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than one, magnitudes of one as a whole should lleeofame size to compare fractions.
The invariance of the whole is essential in compmanvhat Yoshida (Yoshida, 2004)
describes as quantity fractions. Quantity fractiares those that reference a universal unit-
whole that is independent of any situation andvalamne to answer questions such as,
which is larger, one-half or one-quarter? In deglith fractions as mathematical objects,
this idea of a universal unit is quite helpful. Agkthe question, which is larger, one-half
or three-eighths, only makes sense if the quessiame of quantity fractions. If one-half
and three-eighths do not refer to a universal wheéecannot compare them.

Although the equal-whole is a critically importanbncept in understanding the
multiplicative structure of fractions, it appeahat the equal-whole concept is difficult to
acquire (Hart, 1988). Without the equal-whole cquc@®rdering fractions as quantities
draws upon significantly different mental models fofictions compared to ordering
fractions based on numeric rules.

Tasks involving comparison of quantity fractiongpegr to be important in identifying
inappropriate part-whole thinking being appliedjt@antity fraction contexts. For example,
when asked to determine the larger of 1/3 andal#udent using different sized wholes in
the comparison may be attempting to use a partitaction to answer a quantity fraction
question.

The Rational Number Project (Behr, Wachsmuth & Pt884; Behr, Wachsmuth, Post
et al., 1984) used a range of tasks to investigatdents’ perception of the size of
fractions. Several distinct strategies for comparinactions were identified in their
analysis of 12 Grade 4 students’ responses to iogléasks. For fractions with the same
numerators, they described five distinct strategidsnominator only, numerator and
denominator, reference point, manipulative and whalumber dominance. The
denominator only strategy, which dominated the axalions, referred only to the
denominators of the fractions. For example, an angtion that referred only to the
denominator, such as “the bigger the number is,sthaller the pieces get” would be
recorded as denominator only. The “numerator ambrahinator” strategy was identified
by explanations that referred to both the numesaamid the denominators, indicating that
the same number of parts was present but thedrautith the larger denominator had the
smaller sized parts. The reference point strateggaruse of a third number, such as one-
half, in comparing the fractions. The manipulatsteategy identified explanations that
made use of pictures or manipulative materials. M/imumber dominance was used to
describe an ordering consistent with whole numbiénraetic applied to the denominators.
Some of these strategies (reference point, martipeland whole number dominance)
were also evident in comparing fractions with dif& numerators and denominators.

Thinking quantitatively about fractions dependsioe concept images students have of
fractions. Tall and Vinner (1981) describe a condeyage as all of the cognitive structure
in the individual's mind that is associated witgien concept, “which includes all of the
mental pictures and associated properties and ggesé (p.152). They refer to the evoked
concept image as the portion of the concept imaggated at a particular time. In this
way, seemingly conflicting images may be evokedlitierent times without necessarily
producing any sense of conflict in a child. As teag the operations of addition and
subtraction of fractions is founded on the cona#péquality of fractions, understanding
the evoked concept images students develop ofizleeos fractions is fundamental to the
effective learning of rational number.
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The aim of this study is to explore students’ fi@ticoncept images by examining their
explanations as to which of a pair of fractionsthe larger. In particular, this study
addresses two questions: 1) Which strategies do &'students use to compare the size of
quantity fractions? 2) Do Year 6 students constltespply the same strategy across a
range of fraction comparison questions?

Method

Participants

The sample of one hundred students was chosentwonmiddle-class schools in the
Sydney metropolitan area. The students were irfitia¢ year of primary school, Year 6.
They ranged in age from 11 years 4 months to 1&y@anonths at the time the tasks were
completed.

Procedure

In each class, the students were given a sheedpEr@nd the teacher read out seven
questions. Each question asked the students tandete the larger of two quantity
fractions and to explain their reason for the denisThe first three questions dealt with
comparisons of common unitary quantity fractionie Tfourth and fifth questions
compared unitary quantity fractions where one foactwas half of the other fraction.
Question six compared the complements of the ynitactions used in question five. That
is, having been asked which is bigger, one-sixtlorge-third was followed by comparing
five-sixths and two-thirds. The final question caargd two quantity fractions where the
numerator was one less than the denominator.

The questions were:

1. Which is bigger, one-half or one-third? How do yaow?

2. Which is bigger, one-quarter or one-fifth? How awknow?

3. Which is bigger, one-fifth or one-sixth? How do yknow?

4. Which is bigger, one-sixth or one-twelfth? How dmyknow?

5. Which is bigger, one-sixth or one-third? How do ymow?

6. Which is bigger, two-thirds or five-sixths? How gou know?

7. Which is bigger, nine-tenths or twelve-thirteenthkv do you know?

The questions were asked at a time when the swigemild have completed the usual
primary school instruction on fractions, which ingdés recording fractions in the form a/b
and the equivalence of decimals, percentages atidns but does not emphasise
comparison of fractions. Ordering fractions is @$ded in the high school syllabiYgars
7-8 Mathematics Syllabu€l990). The equal-whole is not specifically redefrto in
mathematics syllabus documents in NSW.

The students’ responses were collected and codesdoinways: as dichotomous items
(correct or incorrect) and the explanations werdedoaccording to the method they
described. That is, interpretive coding was usdd tie explanations. In the initial coding
of the explanations, the apparent model and metvee@ recorded. The apparent models
included the area of a circle, discrete objectsa af a rectangle and methods included the
use of percentages, decimals, common denominaiaesof the denominator, number of
cuts, size of pieces and number and size of pamsfinal coding cycle looked specifically
at describing the strategies implied by studentplanations.
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Results and Discussion

Most students used diagrams as either part or Hudevof their explanation. However,
it was what they did with the diagram that was med#ling. Sometimes when a child
attempted to make use of an area model in his bexganation, it became clear, as in
Figure 1, that the representation did not reflectad-area partitioning.
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Figure 1.Which is bigger, one-third or one-sixth?

In Figure 1, it appears that the area of the piesesl to demonstrate the fractions, is
not the focus of the student’s attention. The nunabgieces appears to define the fraction
for this student, despite the appeal to the amofirgpace to justify the answer. Some
diagrams also provided an indication that the eguredle schema was not evident.

4’\ tuoe) £y N

-, ——
o
et ety

Figure 2.Which is bigger, one-sixth or one-twelfth?

The diagram (Figure 2), offered as an explanatorwhy one-twelfth is bigger than
one-sixth, shows one part out of six shaded anarertwelfth, a slightly smaller part is
shaded out of a significantly larger unit-wholetamgle. It is conceivable that it is the
increased size of the whole that becomes the f@sieciding which is the bigger fraction.
This interpretation is aligned to the findings o$tady by Yoshida and Kuriyama (1995)
where many students drew representations in whiehsize of the whole each fraction
represented was in direct proportion to the sizéhefdenominator. In the current study,
this was most likely to appear where students etled rectangles to represent the
fractions. In comparing two-thirds and five-sixihg possible to “correctly” conclude that
five-sixths is larger by increasing the size of tim& whole (see Figure 3).

6.

Figure 3.Five-sixths showing an increased unit-whole.
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For the first five questions, students could cdesity apply the rule, “the bigger the
denominator the smaller the fraction” or the “geeahe number of pieces the smaller the
pieces”. As one student eloquently recorded inarse to the third question, “...as the
denominator gets bigger it gets further away fromQuestion six and question seven
necessitated a change of comparison strategy.

Table 1
Percentage Correct (dichotomous coding) N=100

Q1 Q2 Q3 Q4 Q5 Q6 Q7
96 96 92 90 95 71 53

The percentage of correct responses to the fiv& §uestions, comparing unitary
fractions is very high. Only 71% correctly answegggbstion six and this reduced to 53%
for question seven. Although 41% answered all seyerstions with the correct response,
their responses were often achieved through spareasoning. For example, of those who
achieved a “perfect score”, on the last questiom ¢@mpared the size of the numerators,
one stated that 12/13 was bigger than 9/10 becdthas larger numbers, two indicated that
they guessed, two stated the answer as a factwandhore used inconclusive reasoning
such as multiplying both fractions by 2. Althoudte tpercentages of correct answers
suggest that the majority of these students canpacenfractions, many of their correct
answers are based on faulty reasoning.

Questions six and seven were designed to promptifais comparison strategies.
Although a focus on the numeric size of the denatoin including a “bigger means
smaller interpretation”, was possible with the tfifise questions, this strategy would be
inadequate for the final two questions. These dquestcompared two unit fraction
complements. Instead of comparing one-third andsixté as in question five, question
six compared their complements, i.e. two-thirds dve-sixths. With question six,
students could reasonably argue in terms of comdemominators, converting two-thirds
to four-sixths. Alternatively, they could argue pimity to 1 using the information on the
relative size of one-third and one-sixth. Threalshis argued for their answer to question
6 based on the gap to 1 whole.

The comparison of 9/10 and 12/13 provided someirfagng insights. Two students
adopted a purely additive strategy and commentatdytbu could go from 9/10 to 12/13 by
adding 3 to the top and the bottom. One conclubdati12/13 was bigger because it was 3
more (on the top and bottom) while another arginad this made the fractions the same
size. In total, seven per cent of students argoiatthe final two fractions were equal.

The explanation that, the higher the number orbtttom the smaller the fraction, was
very common. This would generally fall into the faeninator only” strategy category of
Behr, Wachsmuth, Post et al. (1984). For exampte, student consistently applied the
explanation “if the bottom number is bigger it maller” to explain the responses to the
first five questions. The mental model correspogdio this explanation was coded as
“bigger is smaller” (BIS). This coding distinguighdat from a different use of the
denominator, where as the denominator got biggefrttion was considered to be bigger.
In addition to the “bigger is smaller” explanatighe student drew and labelled partitions
of squares, rectangles and circles. The diagraeasiéntly showed area models that did not
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allow comparisons, as they did not depict equallesor equal partitioning (see Figures 4
and 5).

Figure 4.Neither equal-area partitioning nor equal wholeesca.

The student whose responses are depicted in Figuaesl 5 does not apply an equal
whole schema nor use consistent shapes to reprisgemthole. In Figure 5, the student
partitions a circle into five equal parts and atamegle is partitioned into sixths to
“compare” the fractions one-fifth and one-sixth.

Figure 5.Pictorial comparison of fifths and sixths in difé@t shapes.

A focus on the whole number denominator meant soate students interpreted the
size of the denominator as being proportional ® slze of the fraction (see Figure 6).
Behr, Wachsmuth, Post et al. (1984) would haveriest this thinking as “whole number
dominance” even though they would have assignes tbsponse to the category of
“manipulatives”, as the child explained his or hesponse using pictures.

4.
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Figure 6.Fractions proportional to whole number denomirgator

The methods the Year 6 students used to compartofta were quite stable across
questions with 48% of students consistently applyine same strategy used with the
unitary fractions to the comparison of non-unitiagctions.
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Table 2
Strategies used to Compare the Sizes of UnitaryNordunitary Fractions

Strategy Unitary (Q1)  Non-unitary (Q7)
Area model 44 34
Number and size of parts 10 0
Bigger denominator is smaller fraction (BIS) 6 12
Parts of a common whole (e.g., 3, 6, 9, 100) 7 5
Additive reasoning (9+3)/(10+3) = 12/13 0 6
Conversion procedure (Common Denominator) 4 10
Conversion procedure (Decimal) 4 0
Conversion procedure (Percentage) 3 3
Number of parts 4 4
Size of complement to 1 0 4
Other (e.g. fact, changed question, unclear, 18 22

guessed, no explanation)

Some of the strategies used by students and aditim@able 2 were specific to the
type of question. For example, using the size efgap to one-whole was only sensible in
the final two questions. However, some methodsigteseven when they were difficult to
apply. By question 7, comparing and %, 34 of the Year 6 students continued to use

comparison of areas to determine the larger fractio

Conclusion

This study indicated that the strategies that sttgdese to compare the size of fractions
are diverse. Some correspond to taught procedwas as converting to common
denominators or percentages. Others appear tovieated strategies that may reflect the
learner’s struggle to make sense of a non-transpagmbol system within a complex
concept image. The number of “correct” answers esttgl obtained through incorrect
reasoning was remarkably high. The reasoning peavidy students in justifying their
answers proved a much richer insight into theircemb images than the total correct.

Drawings representing the area model dominatedytss 6 students’ explanations.
Indeed, the comparison of area to determine tlyetasf two fractions persisted even when
this strategy became extremely cumbersome, as mpaong nine-tenths or twelve-
thirteenths.

Students appear to use a strategy that encapstiates/erse relationship between the
magnitude of the whole number within the denominatod the size of the resulting
fraction to compare the size of fractions. Six stud specifically gave this as an
explanation in response to Question 1 while 10 meferred to the related idea of the
number and size of the parts. Twelve students tlsedanode of reasoning for their answer
to the final question.

What is particularly telling from this study is timeimber of students who concluded
that nine-tenths and twelve-thirteenths were tlmeesaAn answer that they are the same is
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clearly a reasoned response as it goes beyondutstion frame. Seven students argued
that nine-tenths and twelve-thirteenths were eqoaké argued equality using an area
model. As the algorithmic approach to addition aobtraction of fractions is founded on
the notion of equivalent fractions, care needs ® thken in inferring students’
understanding of the equality of fractions from thember of correct answers on standard
assessments.
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