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INITIAL CONSIDERATIONS CONCERNING THE UNDERSTANDING OF PROBABILISTIC AND
STATISTICAL CONCEPTS IN AUSTRALIAN STUDENTS

JANE M. WATSON AND KEVINF. COLLIS ]
- University-of Tasmania

Following the questions raised by Watson (1992) concerning research in probability and statistics education
in Australia in the 1990s, this paper reports on the initial trialling of items with 64 Grade 9 students. - The

: analysis supports the belief that misconceptions observed in other countries also are present in.Australia. '
Further, the application of a developmental cognitive model offers promise for classifying responses to items
and structuring remediation procedures. :

The rationale for a growing interest in research in probability and statistics education is given in Watson (1992).
Briefly, topics associated with chance and data constitute 20 percent-of the content of A National Statement on
Mathematics for Australian Schools (Australian: Education Council, 1991). As the newest areas in the
mathematics curriculum, chance and data are least likely to be well understood by teachers at all levels. They are
also the areas about which the least is known of students' understandings and misconceptions. As state curricula

- are amended to take account of the Nationa] Statement and professional development is planned to assist teachers, -
it is important.to prov1de as much support as possnble based on analyses of students’ and teachers' understanding of
these topics.

Watson (1992) also briefly reviews: the hlstory of overseas research into pl‘ObablllStl(, and statlstlcal
understandings and offers some starting points for Australian research. These include studies of student beliefs
about probability (e.g., Fischbein, Nello, & Marino, 1991; Garfield & delMas, 1991), conceptions of randomness
(e.g., Konold, Lohmeier, Pollatsek, Well, Falk, & Lipson, 1991), sampling in relation to sample size- and

©_representativeness (e.g., Gal, Rothchild, & Wagner, 1989), the relationship between two variables (e. g., Konold,
1991), the applicability of measures of central tendency (e.g., Gal, Rothchild, & Wagner, 1990), and the
understanding of conditional probability (e.g., Pollatsek, Well, Konold, & Hardman, 1987). '

A theoretical basis for the analysis of student understanding could come from various sources. A
developmental model, such as that suggested and extended by Biggs and Collis (1982, 1989, 1991) has proved
useful in other areas of mathematics (e.g., volume measurement (Campbell, Watson, & Collis, in press) and
fractions (Watson, Campbell, & Collis, in press)) and parallels the model suggested: by Shaughnessy (1992). Two
aspects of the Biggs and Collis SOLO (Structure of Observed Learning Outcome) Taxonomy will be exemplified
in the analyses presented in this discussion. First is the unistructural-multistructural- relational (UMR) cyclic
structure which operates within the modes.of functioning. Of particular interest here are the concrete symbolic
mode where most school learning occurs and the ikonic mode which commences functioning earlier and is
associated with teelings, intuitions and imaging. Second is the multimodal aspect of functioning which recognises
various ways in which interactions take place between modes, in particular the 1komc and concrete symbollc as

“both continue to develop throughout childhood and adolescence.
- The remainder of the discussion will focus on the initial samplmg of student responses to explore conceptions
suspected (o be of interest and on the usefulness of the SOLO model in analysing results.

ITEMS
Items were selected and adapted from those reported by Flschbem and Gazit ( 1984) on intuitive probability (six .
items), Fischbein et al., (1991) on outcomes and sample spaces (three items), Readmg and Pegg (1992) on sample -
selection (two items), and Garfield and delMas (1991) on conceptions of probability (three items). Following the
interest of Mokros and Russell (1992), an item asked for an explanation of the term 'average'. Finally a problem
solving situation was devised to explore student understanding of criteria which could be used to compare two
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data sets. Although administered differently the final section was based on ideas suggested by Wagner and Gal
(1991) and Garfield (1992). The 12 items to be summarized in this paper are presented in full |n Watson (1993);
three are shown in Figure 1.

THE SAMPLE

Because the purposes of this prehmmary study were to assess the items chosen, to explore possible
misconceptions, to assess the potential of the theoretical developmental model, and to suggest strategies for a
larger scale study, convenience samples were used. They consisted of two Grade 9 mathematics classes from
Hobart, Tasmania, suburbs, totalling 64 students. They were 13 or 14 years of age and the sample was evenly
split between females and males; gender differences are not explored here. Students completed the written -
questionnaire during class time. One of the classes had earlier in the year studied a unit of probability while the
other had studied one on statistics. Although these would not have lasted more than a few weeks, it was expected
that the sample would present some good responses to the items.

MISCONCEPTIONS

The 12 items used for this analysis led to an examination of the seven misconceptions listed in Table 1. The
number of items associated with each are noted and the percentage of students exhibiting the misconception for
the items is given. The percentages are estimates based on the number of responses to each item, ranging from 64
to 32. '

|Item A Two maths classes, one from your school and one from the nearby high school, have had a
competition to see which is better at qunck recall of maths facts. The scores of the two classes are shown on
the two line plots below.
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How would you analyse these data to show which school is better and which school would probably be your
school?
Item B Consider rolling two dice. Is it more likely to obtain
(a) a 5§ with one die and a 6 with the other?, or
(b) 6 with both dice?, or
(c) is the probability the same in both cases?
Item C Again consider rolling two dice. Which is more probable?
(a) To obtain the same number with both dice., or
(b) To obtain different numbers on the dice., or
(c) is the probability of each event the same?

Figure 1 Three items used in preliminary study
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_Hence non responses are ignored and this means the percentages are lower bound estlmates for this sample. The
percentages m Table -1 are -also lower bounds in the sense' that ‘not all other answers gave. correct or weIl-
expressed, responses - they just did not show the misconception indicated in the right hand column.
No students believed in lucky humbers and very few agreed with superstitions associated with putting a certain
- foot into a room first or with winning a chance game due to being older. Approximately a quarter of students
displayed no understanding. of average and a similar fraction used the total of scores to compare two groups
despite differing sample sizes. Between 20% and 50% of students had difficulty using proportion to make
judgements in relation to samples and populations.  Nearly half had difficulty with the concept of randomness in
relation to lottery numbers and/or sequences of binomial trials. Finally up to 85% of students had problems w1th
the. sample space when two dice are tossed. '

Con.str;;c; ‘ Number Percentage difficulty for item

, of Items’
Luck (lucky numbers) 1 0% -
Superstition (right foot, age) . 2 5%, 2%
Average (no basic understanding) | 24%
Compare different sized groups (using total) 1(A) 28%
Proportion (samples and-populations) 3 o 26%, 20%, 56%
Randomness (lottery, births) 3 46%, 47%
Sample spaces (dice) . 2(B,C) 83%, 35%

T able 1. Percenfages displaying basic misconceptions in Grade 9.

ANALYSIS AND DISCUSSION WITH COGNITIVE MODEL

" There are two ways that the SOLO framework can be used initially in a study such as this. First the itéms
themselves can be classified by the level of response required to obtain a correct answer. Second responses can be
categorised by the level actually exhibited by the student. .

Consider first the constructs listed in Table 1. The first two, labelled Luck and Superstition, relate to intuitions
which are associated with the ikonic mode of functioning. As the mode which begins functioning earlier, it would
be expected that by Grade 9, students functioning well in the concrete symbolic mode would be expected to have
rejected these intuitive level concepts as adequate responses. This would appear to have been the case for this
sample of students. The other five constructs listed in Table 1 are related directly to operations of the concrete
symbolic mode as they rcly mainly on school-based instruction. They are listed in order of i increasing difficulty as
judged by the percentages showing the misconceptions. This seems to be a good starting point for suggesting a
hierarchy of difficulty, as well as for indicating the functioning level required for a correct concept to be
displayed. It is too-early, however, to put much welght on such an ordering, partlcularly in the light of dlffermg

_formats for the items.
When moving to the responses themselves, it is possible that ikonic and concrete symbolic funcuomng will be
.demonstrated on the same item, regardleéss of what is hypothesized to be required for a ‘correct' response. In
looking at the responses reported, from a cognitive perspective, two aspects are significant. One is the
developmental structiire of the response and the other is evidence of multimodal functioning. In the latter case, in
this study, this means the interaction between intuitive/ikonic and concrete symbolic functioning.

For the purposes of this study the following SOLO notation is used to classify different levels of response for
each item within the concrete symbolic mode: '

U - uses one piece of relevant information to respond;

M - uses more than one piece of relevant information: these pieces of information to be of a similar type;

R - relates more than one piece of relevant information, of different types, in a coherent fashion.
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et al., in press), it was found that two UMR cycles operated in problems involving these constructs.. The first
cycle, labelled U1-M]-R1, led to the correct understanding of the concept, while a second, labelled Uz-Mp- R2,
resulted when the concepts were applied in-problem solving. contexts of varying difficulty. =
¢ An application of this model is shown below in relation to the item concerning 'average'.
Response - “‘Normal’
This ‘is classrﬁed as: umstructural Uy, as:it shows a lack of consrderatron for the mathematical aspects of the
construct, while selgcting a descrlptrve common sense aspect.
Response: “'Average means the middle number' _
This appears multistructural, M1, ‘in that, in the. context of the arrthmettc mean it implicitly consrders a set of
numbers-and inakes a Judgement about a srngle number describing i, (Note the respondent was not aware of the
medran concept. )
Response 'Average is- when you add uprour total dtgtts and then drwde it by the number of
digits you have," and
-'Each time you did something and it had answers that i were a little bit apart you could
fi nd the average witch [sic.] would get it down to one number
These would appear to exhibit a relational, R1, understanding of the arlthmetrc mean as average
Movmg to item Ain Flgure 1, the question arises as-to the applrcatron of this average concept to. a glven‘
problem Because a comparrson must be made; it would be expected that a relational, R, response is required.
The followmg response qualrﬁes as an R? for- thlS concept -
lf 1 were to show which school was better L would  find out the averages of both schaols
T he higher the average deterniines which school is better
The nature of the question precluded Uz & M2 responses in this ltem ‘which mdlcates that we will need to
redevelop the item to get the full range of tesponses. A U2 response would be expected to be similar to an RI°
response in that the student would be able to calculate the.' average' (arithmetic mean) when asked to do’ so with
data in a suitably obvrous form; An M2 response ‘would involve, say, the calculatron of several means from given
data and then a separate Judgement being made for example on the largest or smallest.  The R2 example given
requires the student to .make the decision that the arithmetic mean'is the appropnate constrUCt to use, calculate
them for each group and then compare to:reach a conclusion; in other. words it réquires an overview of the
problem Wthh is not requrred at U2 or M2 response levels. ' o
- Another example of functioning in the second UMR cycle i is found in-items B and C in Figure 1. As was
found on an earlier item not discussed here, students had a good grasp: of the sample space associated with a smgle
. die and could distinguish impossible, possible and certain events. This is representative of Rq thlnklng in relation
to the concept of sample space in this context. Items B and C, however, require an R level of functioning in the
concrete symbolrc mode as they involve an understandmg of the sample space in relation to throwing dice
~extended to the more complex situations ‘where two dice are involved. The U2 level of response, represented by
the following:
Youhave 1 in 6 chances of gettmg a f ive and it is the same wzth a six; sb they are the same
and .
" 'because there isa 50/50 chance of either’
These show an Rj concept and Justtfy the same probabllrty for throwing:a.5 and a 6, as two 6's, desprte usmg two
~dice. Anearly Rp response,
‘Because you can geta 5 or 6 on either dice,"
justifies the higher probability for a5 and a6by applymg the concept over the extended sample space of the parrs
of numbers involved.:
~For item C where more correct answers were obtained, the Justlficatlons for the same probablllty were stil] at
the U3 level:
'Because rollmg dzce is random Any no could come up.’

In prevrous research on.understanding of volume measurement (Campbell et al., in press) and tractlons (Watson,



-579

-'This is because the dice is falr and any-sequence rhould be just as ltkely as any other.'
" The following was judged M2 because although it has the right rdea 1t does not tie the concepts together m a
coherent fashion:"

‘Because the dice has many different numbers but only one of each.’

The following response to the item seems to have related the concepts. together satrsfactonly to achieve the correct
~answer at the the R7 level:
‘Because there are more pairs of dtﬁerent numbers than there are pairs of the same number So the chance of
getting a double is smaller.’ : ’
As mentioned earlier, ikonic functromng may or may not take place in conjunctron w1th concrete symbolic
functioning. In the examples presented here the ikonic responses generally relate to beliefs and intuition, not to
imaging. These responses are most commonly found in explanations where the students. appear ‘unable to reason
_effectively in the concrete symbolic mode. Hencefor item B, :
'Nobody knows what will come up on the dice - its [sic.] just fate'
and '
'It occurs by chance only’
would be considered ikonic (IK) responses as would,
"It is all to do with luck’,
in item C. '
A response such as,
'l think it is a chance thing and you would have better odds gettmg random numbers,
on an item about a straight sequence of numbers in a lottery, shows lack of appreciation of chance in the context
but has some idea of what odds means. It appears to be an IK-M1 response, struggling with the transition from .
intuition to an understanding of the association of randomness and chance. Sometimes, however, there se¢ms to
be an interaction of intuitive (IK) and concrete symbolic reasoning at a higher level. The following discussion,
for example, associated with the belief that entering a room with one's right foot first will ‘enable a good
. performance, shows an appreciation of superstitions but the student makes the decision .on the basis of concrete
symbolic reasoning.

I don't agree with this |as it is not loglcal] But lf Joseph believes that putting his rlghr foot forward [helps]

then that [is] what he should [do ] because it is somethmg which he believes - in...'

The response appears to show a high level of 1komc interaction with concrete symbolic reasoning and could be
categorised as IK-U? in this context.

Although it has been possible to explore responses from those collected in the initial sampling of students
which seem to exemplify the UMR cycle and multimodal functromng, it is clear that a great deal more work needs
to go into item development to ensure that the items are flexible enough to allow for a full range of responses: both
within and between modes of functioning. It may be useful to devise items similar to those designed for the
Collis-Romberg (1992) Problem Solving Profiles; such items would have the additional advantage that they can
be used later to identify achievement levels to assist teachers in planning instruction and remediation.
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