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STRA TEGY TRAINING AND MATIlEMA TlCSLEA~NINGDlSABILITlES 

JOHN MUNRO 

This paper reports two investigation ..... in which mathematics underachievers were taught to use cognitive 
and metacognitive strategies"to facilitate information processing in two areas of mathematics learning: to 
read symbolic statements and to'categorize their mathematics knowledge. One group of students learnt to 

. use the relevant cpgnitive strategy while a matched group learnt, as well, associatedmetacognitive 
strategies (to evaluate the effectiveness of strategy use and to decide when they might use the strategy in 
ihe futu're). Both groups out-achieved a control group immediately after teaching. As well, the group 
taught both cognitive and metacognitive strategies were more likely.to transfer the cogn,irivestrategy to 
other areas o!mathematics.· . The results are discussed in terms of models of human cognition and 

. performance. 

When sDlving a mathematics task, successful students engagespontaneDusly in variDus strategic activities 
(Cardelle-Elawar, 1992); they (I ) sample the data defining the task in Drder to' inform themselvesof its nature, 
(2) relate the tasks to types that they have learnt previDusly, (3) plan a sDlutiDn strategy and select from IDng 
term memory procedures that they apply to' comp<lnents Df the data and (4) evaluate their solutiDn and re-run 
some of these strategies if necessary. These fDUr types Df activities have been' referred Was ()rientatiDn, 
organization, executiDn and· verificatiDn respectively (Cardelle-Elawar, 1992). . They assume that students use 
their existing knowledge. to' make decisions about the nature Df the task, abDut the data that may be relevant in 
classifying it and abDut the nature Df the sDlution,whether it is reasonable; etc. Each area Df activity invDlves 

. two types Df strategy; cognitive and metacDgnitive. ThecDgnitive strategies involve manipulating ideas in 
variDUS ways. The metacDgnitive strategies involve the planning, management and monitDring DfcDgnitive 
strategy use (Hailer, Child & Walberg, 1988). While thedistinctiDn between cDgnitiDn and rnet,acDgnitiDn is 
frequently unclear, it permits a distinctiDn between' aspects of thinking during mathematics learning. Analyses 
of the mathematics perfDrmance Df matheinatics disabled students suggest difficulties in the SpDntaneDus use Df 

bDth types Of strategies (TDrgesen, 1980). Teaching them to' use self-instructiDn· strategies has ied to' improvement 
in Solving arithmetic wDrd problems (MDntague & BDS 1986; Fleischner, Nusum & MarzDla, 1987). Fewer 
studies have examined their use in algorithmic learning. 

While they can frequently learn the stepscDmprising an algDrithm, (that is,executiDn prDcesses (Ackerman, 
Anhalt & Dykman, .1986», these students have difficulty using this information Dn subsequent DccasiDnS. 
Arithmeticdisabled students are less likely t~an their able peers tonlake spontaneDusly c1a~sificatory statements 
such "Oh, il's one of those" of' "Is it like •.. '1" to make such statements. They are less likely to use their existing 
knowledge to organize the ideas that they are learning or to modify this knowledge in various ways. Effective 
algorithmic learning involves meaningful reading of symbDlic statements,.' organizing'the. ideas' learnt into 
semantic categories and using effective retrieval strategies. Error pattern analysis suggests difficulties 
comprehending and classifying tasks and selecting appropriate procedures. These students differ from their able 
peers in the features of tasks that theyseleclto categorize them; they tend to' use individual features while able 
students categDrize using mDre gen.eralfeutures, and properties. They also have difficulty discriminating between 
relevant and irrelevant data. These difficulties may be associated with the use Df search processes fDr locating and 
retrieving information in long term memDry (SwansDn & Rhine, .1985). These strategies are rarely taught 
directly. Most pupils learn them incidentally by trying Dut variDus "thinking actiDns"., . 

One of the difficulties with studying strategy use is the extent to' whiCh it can be mDnitDred; The technique Df 

instructing pupils to "think.aloud", that is to verbalize as they manipulate data, can interfere with learning. An 
alternative technique involves observing the effect of strategy teaching Dn subsequent perfDrmance. . Teaching 
cognitive and metacognitive strategies' as a way of ameliDrating learning disabilities has been examined, 
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particularly for word problem solution .. The success of this teaching has been variable. The teaching of these 
strategies generally proceeds in the following sequence (Pearson & Dole,· 1987); (I) the strategy to be learnt is 
demonstrated or explained, (the cognitive modelling phase), . (2) teacher and pupils work together to apply the 
strategy· (the guided practise phase), (3) pupils take more control of strategy use and make decisions about when 
and why they might use it in thefuture,Jthe overt self-guidance phase), (4) pupilsindcpendently use the strategy 
(the or faded self guidance phase) and (5) students apply the strategy in a range of contexts (the application 
phase). This phase is frequently omitted (Pearson and Dole, 1987). 'There are at least two possible reasons 
why some earlier strategy training has not been effective with learning disabled students; (I) it did· not encourage 
students .to evaluate the effectiveness of the teaching for themselves at an early learningst.age (that is, develop 
metacognitive knowledge) and (2) it did not taken account of preferred ways of learning of individual students. 

The· present experiments compared learning under this teaching programme with one in which pupils 
evaluated the strategies that they are using and had the opportunity to accept or to reject use of them. Phase I was 
preceded by two others; one in which the need to learn new strategies as a way of overcoming existing difficulties 
was recognized by pupils and one in which each student selected the preferred reading strategy. The strategy was 
introduced 'something that some peo.ple do to make the task easier'. Pupils were invited to try it and then 
evaluate its value for themselves. In addition to the conventional activities at each phase (pearson & Dole, 
1987), they asked questions such as "Does it seem to work for ine ? Why? Does it help me when I do maths? 
What can I do that I couldn't do earlier? When will I use it in the future ?" 

The effectiveness of strategy teaching was examined for two aspect'iof using one's existing knowledge in 
leamingalgorithms; reading meaningfully symbolic statements and categorizing knowledge of mathematics 
procedures;' .. 

EXPERIMENT 1 READING SYMBOLIC MATHEMATICS STATEMENTS 
Meaningful reading involves constructing an impression of the intention coded in a written statement. Readers 

. do this by making use of what they already know. Consider the mathematical statement 2x + 3 = 19. The 
coded idea be represented mentally in different· ways (Gardner, 1985), Some· readers may prefer to represent 
ipeas learnt in terms of visual imagery, some may demonstrate a verbal preference, tapping into one's linguistic 
knowledge and verbal coding systems, some may tap into tfleir propositionallogical knowledge and others may 
attempt to represent the ideas kinaesthetically. Once the statement has been represented, it is available fix 
execution processes .. In other words, students can use a range of cognitive strategies to read meaningfully a 
symbolic statement (tfley can visualize or verbalize it or represent it as a series of actions), particularly if it 
involves small numbers; that iS,numbers that make comparatively low demand on available attentional resources 
for their representation (Munro; 1991). In this experiment the reading strategy taught t{) each student was 
linked with that stud~nt's preferred way of learning The learning preference was identified by providing students 
with a range of representational formats and having them select their preferred mode. The teaching Wilsintended 
to increase students' awareness of how they could use these preferences in the context of mathematics. The 
present discussion did not examine issues associated with preferred ways of knowing, such as the stability of 
preference for a particular mode of representation. . 

In this experiment mathematics~ disabled pupils selected their preferred representational format for 
mathematics and learnt to use the associated cognitive encoding strategy with mathematics tasks that they had 
found difficult. A second group, in addition, engaged in concurrent metacognitiveactivity. This design 
permitted an investigation of the comparative influences of cognitive and metacognitive· knowledge on 
algorithmiC learning. As well, differences in retention and transfer under the two conditions were monitored. 

Method 
Subjects. The subjects were 48 mathematics disabled grade 8 and 19 pupils who met accepted mathematics 

disability criteria (Pickering, Szaday & Duerdoth, 1988). . 
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. Experimental design. The pupils were arranged into groups of thre~, matched on mathematics task ability, 
· general learning ability and grade level. The mathematics tasks to which the plipils applied the reading stra.tegy 
were simple linear equations typical of middle secondary mathematics courses. All pupils had, within two weeks 
prior to thetStrategy teaching programme, completed this area of study and had achieved less than 10 % accuracy 
in equation solution. Two members of each group were alfocated totwo strategy learning groups and the third to 
a control gtoup~ .. Prior to theaUoca:tion:''a1l pupils completed an intensive arithmetic computations unit on which 

· they achieved at least 95 %coinpetency on computations involving at least two operations. They. were permitted 
to use a calculator. The pupils in the strategy learning groups learnt the strategies under one of two conditions; 
a conventional strategy learning condition (strategy learriing; Pearson & Dole, 1987) and the modified 
condition that included a greater emphasis on 'self-evaluation of strategy effectiveness. (strategy learning +' 
evaluation) ... The training programmes were administered individually for each studerit over five or six thitty­
minute sessions in the pupil's school. Thepupils in the control group continued to solve typical Jinear equations 
for the five sessions.·.· . . . ' ..' , 

E~ch pupil's task performance was measured before the beginning of the strategy learning progranime, at the 
end of each session,at the conclusion of the programme and four·months after the conclusion of the programme. 
A priori comparisons of.means were made using linear contrast techniques (Howell, . 1992). Thisprovided the 

. basis for comparing the maintenance and retention of the strategies~As well; the ability of students to describe 
the strategies thatthey had learnt was monitored at the beginning of sessions 2 to 6. . 

· Procedure: . The two teaching sequences described above were implemented. Students selected their preferred 
reading strategy. by being cued to read a linear equation undet each of the verbalize, . visualize interpret as a 
actions conditions. The instructions for each training condition were as follows; . 
(I) for the verbalize condition the task was introduced by the experimenter as follows "One way in which I do 
. these problems is to tell myself what they say. I' listen to myself as I say it. Isay this ( 2x + 3 = 19) as 

"two times a certain number add three is equal to nineteen. I try to say it the way I talk" . 
. (2) for the visualize condition the task was introduced by. the experimenter as follows "One way I do this is to' 

make a picture in my mind of what the equation says. For 2x + 3 = 19 the picture is two bags of bolts and 
three more bolts is equal to 19 bolts. How much is in each bag? This is how I start· off'. . 

(3) for the action condition the task was introduced by the experi,mentet as follows "One way I do this, is to think 
of the actions that it says. For2x + 3 = 19 lthink of the actions. First I begin with a certain number. then I 

. multiply itby two and add three. I end up with 19. What is the number? 
Following each condition the experimenter demonstrated the strategy for I;lnequation and the student triedout the 
strategy with at least one equation. '. Students selected their preferred way of representing the mathematiCal 
statement and engaged individually in the relevant strategy teaching programme. The learning phases were 
spread over five or six 30 minute sessions. The students in the conttolgroup continued to solve linear equa~ions 
in their regular classroom context fonhe six sessions. 

Results 
Mean task performance (proportion of correct task solutions) prior to teaching and at the end of each session are 
stiownin Table 1. Both teachingeonditions, but not the control condition, were associated with an improvement 
in accurate task solution (Il., < .0 I). Although the strategy learning + evaluation condition achieved a higher 
level of performance than the strategy learning condition for the final session; this difference was not significant 
(n > .01). The strategy learning +evaluation condition differed from the strategy learning condition in that it 
was associated with a more rapid learning of the strategy (thatis, more rapid improyement to the ceiling level) 
and more sustained use of it than the strategy learning condition. . 



440 

Table 1 : Mean task performance at the end of each session. 
Condition Pre-teach Sesst Sess2 Sess3 Sess4 Sess5 Sess6 Later 
strategy 0.17 0.24 0.37 0.62 0.71 0.74 . 0.73 0.72 
strategy + evaluation) .18 0.21 0.54 0.76 0.87 . 0.94 0.93 0.95 
control 0.20 0.28 0 .. 33 0.26 0.38 0.34 0.23 0.37 

The move rapid learning and. use of the strategies under the teaching + evaluation condition is not surprising. 
When a strategy is observed to be assisting the solution of problems, it is likely be learnt more quickly. The 
focus ontheeffec;:tiveness of a particuiarprocedure is necessary for learning disabled pupils operating as non­
spontaneous It!arners; these students are less likely to rei ate the actions taken and their valuew.ithout focussing 
directly onthe connection between them. 

The retention and lIse ofihe strategies on a long-term basis was examined by monitoring strategy use sixteen 
weeks after the. conclusion of the strategy learning both on solving equations and in the content iearnt at that time. 
~othtreatIJlent groups demonstrated superior comprehension performance over the control group <R. < ~Ol). In 
teI11"\S of strategy transfer, when given a new task, the strategy learning + evaluatiQngr(;>up was more likely than 
tl)e strategy learning group to report using the particular reading strategy for new information (J2 < .05). 
Encouraging pupils to monitor and evaluate the use of strategies is linked with a greater preparedness to 
elC.Periment with the strategies in unfamiliar contexts and to transfer their knowledge. 

Experim.ent 2: Categorization' strategies 
The S.econd investigation examined the effect of increasing. the acce.ssibiliti of mathematics knowledge; In 
particular it examined the effects of assisting disabled students to organize their mathematics lQ10wledge into 

. fl/nctional categories and to. remind themselves to access this knowledge. The tendency of mathematics-disabled 
Stl/.dents to classify tasks on individual perceptual characteristics rather than on more conceptual criteria has 
alre,ady been noted. Thes.e students are more likely to classify tasks such as 

72 and 76 or 116+ 1/6 = and. 
- 48 . - 42 

113 + 112 =as meriting the same· procedures .. In this experiment students, after mastering the steps in a 
mathematics procedure and applying the procedure in isolation to a criterion level of acceptable performance, 
learnt to discriminate between tasks that had the same operational symbol and that shared superficial features and 
to cat~gorizethemin terms of the procedure used to solve. them. The study compared the effeetiveness of 
cognitive strategy teaching with combined cognitive and metacognitive teaching~ One. group of students learnt to 
categorize instances of the tasks (the cognitive strategy group) while a second group learnt as well to instruct . 
themselves to classify tasks,oI'l a subsequent occasion (the metacognitive group). When given a set of mixed 

. computational tasks, the students asked themselves: "What does the task. remind me of? What is it like that I 
have already learnt ? What did 1 do in this type of probiem ?" . . 

Method 
The subjec.ts were 30 third grade and 30 sixth grade . mathematics-disabled students who met accepted 

. mathematics disability criteria (Pickering~ Szaday & Duerrloth. 1988). 
Experimental design . . The pupils were arranged into groups of three, matched on mathematics. task ability, 

general learning ability and grade leveL Themathematks tasks to which the pupils applied the classification 
strategy were either the subtraction of whole numbers tasks {third grade) or the addition of fractions tasks (sixth 
grade) described above. The design was similar to that used in Experiment 1, Prior to allocation, all pupi Is 
completed an arithmetic computations unit to at least 95 % competency on related computations. They were 

. permitted to use a calculator. Two members of each group were allocated to two teaching groups and the third to 
a control group. One teaching·group received classification teaching (the strategy group) while the second group' 
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received. in addition. self~instruction teaching(the metacognitive grqup).A priori comparisons of means were 
made using linear contrast techniques (Howell. 1992). , 

Procedure., ,The cl<}ssification teaching was implemented on an individual basis as follows. Two instances, 
of each type of task were written on a card and the student discussed differences between them. In the case of the 
subtraction tasks. the third gradestudent~ noted that both involved subtraction but for one type they needed to do 
something else before they subtracted; they had to "get it ready". They also discussed the 'getting ready' 

. procedure. The foutcards were sorted into two groups and the students suggested names for each (such as 'ready 
I not ready to take away'). The students sorted physically 10 tasks. written one per card into t~ese categories. 

, They were given a set of ten written tasks and categorized each by saying either "Ready I Not ready to take 
away" ; The' self-instruction group. following classification teaching. were shown sets of randomly nUxed tasks 
and learnt to ask themselves. for each taSk "What does this remind me of ?What is it like that I have already 
learnt ?" The learning phases took eittler five or six 30 minute sessions. The control group completed mixed 
sets of taSks and received correctivefeedl:>ack .. Task completion and classification ability were measured at the 
beginning and end of the strategy teaching program .and four months after the conclusion of the program. As 
well. l~e nature of error patterns and the transferof learning to other areas was monitored. ' 

Results ' 
Mean task performance (proportion of correct. responses) of each· group prior to teaching. at the end of teaching 
and four months later (later) are shown in Table 2. 

Perfonnance 

criterion 

Task completion 

Classifications 

, 

Table 2 Mean task performance for each group 

Strate~ teacbin& &roUP 
Start End Later, 

0.18 '0..43 

0.07 0.73 

0.62 

0.85 

Self-instruction&mup ' 

'Start End Later' 

0.140.95 

0.09 0.91 

0.94 

0.96 

Control ~oup 
S tart End Later 

0.08 0.13 0.17 

'0.04 ,0.09' • 0;08 

'. . . '.' . . 

The three groups did not differ on either criterion prior to teaching (planned comparisons,12 > .05). Both 
teachi'ng conditions, but not the'control condition. were associated with aQ improvement in accurate task solution. 
with the self-instruction condition achieving significance <1L ,< .01). The retention and use of the strategies 
on atong-:-term basis was examined by monitoring the ability to solve mixed sets of tasks sixteen weeks after the 
conclusion of the strategy teaching. Both treatment groups demonstrated superior comprehension performance 
over the controrgroup (12 < .01) and the self-:-instruction group out-performed the strategy learning group U2 < 
.01). In 'terms of strategy transfer,' when given an . unfamiliar type of mathematics task, the self-instruction' 
group was more likely than the other groups to report, attempting to categorize and to use what was aiready 
known. These findings support the import~ce of both cognitive and metacognitive strategy teaching. Teaching, 
these students how to categorize was insufficient; itwas necessary as well to teach self-instruction. strategies that 
facilitate access 'to this knowledge. ' . 
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Discossion 
The findings of the,present study support the claim that mathematics disabled students do not use spontaneously a 
rai1g~ofcognitiveandmetacognitivestrategies for processing mathe'matical data. The superior performance 
underthemetacognitivecondition'indicates the need for both conditions in mathematics teaching. Why do 
mathematics-disabled students have difficulty learning to use these types of 'strategies, for example, tornakeuse 
of what they already know ? Failure to use~ffective cognitive strategies has been attributed to inadequate 
metacogIii~ion (Cardene~Elawat;. 1992). Particular cognitive strategies are often used inflexibly and without 
selection atcotding to the task at hand. ,Students may have access to strategies but don'tuse'themspontaneously. 

, A poS'sible explanation for the lack of spontaneous use of the most approptiatestrategiesandforthe 
effectiveness offhe tYpe of strategy teaching described here' may lie in the allocation of attention during~ask ' 
completion. These resOUrces need tobeiilVested in those processes not automatized. Theallocationofattentjon 
and the executive component of metacognitionare related. The importance ofal,ltomatiiingaspectsof 
mathematicsknowleclge, ,so that these can be man~pulated without the investment of menlal attentional process ' 
forslfbsequent-mathemtlties leaminghas been noted by several investigators (Ackerman, Arthalt& ;J)ykman, 
1986). Mathematics underachievers have difficulty meeting, this demand' particularly for themahipulation of 
"basienl,lnlber facts"(Fleischman,Garrett & Shepard, 1982). 
, , Itls reasonable toexpectthattheissue of automaticity Can be applied to strategy use doring mathematics; any 

cognitive or rnetacognitive skill maydemandattentional investmefit. The student who needs {oiMest these 
resou'tcesinprocesses that peers implement relatively automatically, may have proportionately ,less to allocate 
to 'buIlding the new idea'. Increasing use of strategies is likely to lead to their attainillgautomaticity. Thus, 
pupils who continue to allocate a disproportionate amount of their attention to the manipulation of subordinate 

" mathernatkalideas may have less toalloca'te to th~use of particular strategies artd the opportunity t,omonitor 
tneireffectiveness.Fromthis perspective, the effectiveness ofthe strategy teaching is not surprising; 'it teaches 
stUden'ts to alloca.te their attention to essential aspects of data in a systematic way. 

The effective allocation of attention can provide a basis for the restructuring of knowledge storect'·illlon,glerm 
,memory. The studentS learning to read algebraic statements may have build 'templates' ofthesestatemelltsthat 
they could apply to other instances. These templates may liavepermitted thestudetlts, to process greater amOUnts 
of information at once. In acorresponding way, teaching these students to categorize what they already knew 
may have assisted them to build better-defined categories in verbal semantic memory and (oacccss these. 
Rabinowitz's (1988) observations in relation to seeing strategies as isolated entities are relevant here; strategies 
are not used in isolation but, rather are anchored in particular knowledge domains. The use of any strategy is 
related to the, individual's ability to access related domain-specific knowledge, as well as students' perceptions of .. , . 

these strategies. Strategy use is higher when the strategy was being applied to conceptual knowledge that was 
easi:Iyaccessible. 
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