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This paper addresse&-grade children's mathematical modelling at the eha@ 3-year
program. The children and their teachers partieigpan a series of mathematical modelling
activities from the 5th grade through to the 7tladg. The problems involve authentic
situations that need to be interpreted and destiibenathematical ways. We examine the
mathematical understandings and mathematisatiocepses that the children used in
constructing their models for the final probleSBummer ReadingWe report on the nature
of the problem factors that the children chosedos@er, the operations they applied, the
types of transformations they made through thesradions, and the representations they
used in documenting their models.

In a technology-based age of information, educatideaders from different walks of
life are emphasizing a number of key understandiengs abilities for success beyond
school. These include the ability to make senseoaiplex systems through constructing,
describing, explaining, manipulating, and predgtsuch systems (such as sophisticated
buying, leasing, and loan plans); to work on msitige and multi-component projects in
which planning, monitoring, and communication pss=s are critical for success; and to
adapt rapidly to ever-evolving conceptual tools aeslources (English, 2002a; Lesh &
Doerr, 2003).

With the increasing availability of such tools,istimperative that students be given
experiences that encourage them to interpret matieah situations in different ways and
to communicate their understandings of these siiistmeaningfully to their peers. While
technology can remove the computational compleaitynathematical problems, it does
not remove the need for students to choose cayehdltool/s and resources to be used and
to transform problem data into forms that can bedled effectively by these tools. The
results obtained must be interpreted, documentedicammunicated in forms that clearly
and effectively convey the products of problem sofu One approach to providing
students with these competencies is through matiehanodelling (English & Watters,
2005; Lesh & Doerr, 2003). Traditionally, mathematimodelling has been reserved for
the secondary school years (e.g., Galbraith, BlBogker & Huntley, 1998), but recent
research (e.g., English & Watters, 2005) has indetdhat primary school children can
participate successfully in meaningful modellingj\aties.

This paper addresses year 7 children’s mathenhatiodelling at the end of a three-
year program of model-eliciting, model-explorati@md model-application activities. We
examine children's models for the final model-aggiion problemSummer ReadingNe
consider the nature of the problem factors childiense to work with, the operations they
applied, the types of transformations they madeutin these operations, and the
representations they used in documenting their mdde begin by reviewing the nature of
mathematical modelling experiences for the prinsatyool.
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Mathematical Modelling for the Primary School

A modelling approach to the teaching and learrohgnathematics focuses on the
mathematisation of realistic situations that aremmegful to the learner. The emphasis on
modelling involves three important shifts in thepegach to teaching and learning
mathematics, namely, in (1) the nature of the gtiastand operations that are useful, (2)
the use of contexts that will elicit the creatidnuseful systems (or models), and (3) the
development and refinement of such models in wagd are generalisable (Doerr &
English, 2003; Lesh & Doerr, 2003). We briefly diss each of these aspects in turn.

The quantities and operations that are needed thematise realistic situations often
go beyond what is traditionally taught in schooltinemnatics. The types of quantities
needed in realistic situations include accumulatjgrobabilities, frequencies, ranks, and
vectors, while the operations needed include spriveighting, organizing, selecting, and
transforming entire data sets rather than singlelaied data points (Doerr & English,
2001). In solving typical school “word problemstuidents generally engage in a one- or
two-step process of mapping problem information oomtrithmetic quantities and
operations. In most cases, the problem informatiwes already been carefully
mathematised for students. The students’ goal intaask the mathematics by mapping
the problem information in such a way as to prodaiceanswer using familiar quantities
and basic operations.

In modelling tasks, however, students’ goal is takensense of the situation so that
they can mathematise it in ways that are meanirigfthem. This involves a cyclic process
of interpreting the problem information, selectirgevant quantities, defining operations
that may lead to new quantities, and creating nmegi representations (Lesh & Doerr,
2003). Oftentimes, the problem information might becomplete, ambiguous, or
undefined, and there might be too much or tocelidhta; visual representations might also
be difficult to interpret (as in real-world situatis). When presented with information of
this nature, children might make unwarranted as$mg or might impose inappropriate
constraints on the products they are to develop.

A modelling approach to problem situations exglciises meaningful contexts that
elicit the creation of useful systems or modelse Thodelling process begins with the
elicitation stage, which confronts students with tieed to develop a model to describe,
explain, or predict the behaviour of some expeeensystem. Generalizing and re-using
models are central activities in a modelling apphoto learning mathematics. Hence, in
each year of our program we designed sequencestigitias that commenced with the
children engaging with non-routine problem situasicthat elicited the development of
significant mathematical constructs (model-eligtinproblems). The children then
extended, explored, and refined those constructstli®er problem situations (model-
exploration and model-application problems), legdim a generalisable system (or model)
that could be used in a range of contexts. Thel@nad provided us with a setting in which
we could examine the development of the childremtgl interpretations of the problem
situation, their reasoning in selecting and workiwith quantities, operations, and
representations, and their multiple cycles of reviand modification. Because the
problems are designed for small group work, we c¢allserve the numerous questions,
conjectures, conflicts, revisions, and resolutidhat arose as the children developed,
tested, and prepared to communicate their products.
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Design and Methodology

In this study we worked with one class of childi@md their teachers from the fifth
grade (10 years old) through to the end of thergbvgrade (12 years old). We employed a
longitudinal teaching experiment involving multidvcollaboration (English, 2003; Lesh
& Kelly, 2000). At the first level, children engage mathematical modelling, as discussed
above. At the second and third levels, the clagssracher works collaboratively with the
researchers in designing and implementing the nindgbroblems. These problems also
serve as challenging and thought-provoking expeesifior the teachers as they explore the
mathematical ideas being developed, consider apptegmplementation strategies, and
promote learning communities within their classreaoM/e confine our discussion here to
the children's developments.

Modelling Activities and Procedures

In the first year of the program we implementeduanher of preparatory modelling
activities followed by a model-eliciting activitymwd a model-exploration activity. In each of
the second and third years we implemented an lim@del-eliciting problem, a model-
exploration problem, and two model-application peols. The problems involved
interpreting and dealing with multiple tables oftajacreating, using, modifying, and
transforming quantities; exploring relationshipsdarends; and representing findings in
visual and text forms. The key mathematical idefasate and proportion, and ranks and
weighted ranks were also included. The children had no formal exposure to or
instruction on these core mathematical ideas amdesses prior to commencing the
activities.

The activity addressed her&ummer Reading Probl¢mvas the final problem the
children completed. The students were to devel@grarating system to award points to
students participating in a summer reading progréhe children were presented with a
scenario (presented in the form of a newspapecl@rtabout their city council library
conducting an annual summer reading program witeprto be won. The article explains
that “Students can choose from an approved collectidrooks that the library has placed
on reserve. The books have been classified by dead® (according to difficulty of the
book), to help the students choose which booksad.r However, students may read any
of the books, regardless of their current gradeelévlhe children were given two tables
of data: the first table comprised the titles oftddbks, their authors, the reading level (by
grade from 4 to 10), and the number of pages. €hersl table listed the titles again plus a
brief description of each book. Following a numioér‘readiness questions” about the
article and the tables, the children worked thélenm shown in Figure 1.

In term 4, the children worked this problem in shwbups during two 50-minute
sessions and presented their models to the class third session. We observed the
children as they worked the problem and, where@ppate, asked the children to explain
or justify a response. We did not give any expliesching. When the groups reported to
the class, they explained and justified the modedy had developed and then invited
feedback from their peers. This group reporting wdlswed by a whole class discussion
that compared the features of the mathematical lmq@ieduced by the various groups.
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Information The Brisbane City Council Library and St. Pet8chool are sponsoring|a
summer reading program. Students in grades 6-9 redtl books and prepare written
reports about each book to collect points and wireg. The winner in each class will pe
the student who has earned the most reading pdinesoverall winner will be the student
who earns the most points. A collection of approledks has already been selected and
put on reserve. See the previous page for a savhpiés collection. Students who enrol|in
the program often read between ten and twenty baoks the summer. The contest
committee is trying to figure out a fair way to igsspoints to each student. Margaret Scott,
the program director, said, “Whatever procedunesisd, we want to take into account: (@)
the number of books, (b) the variety of the bodk},the difficulty of the books, (d) the
lengths of the books, and (e) the quality of thitem reports.
Note: The students are given grades of A+, A, A B, B-, C+, C, C-, D, or F for the
quality of their written reports.
Your mission Write a letter to Margaret Scott explaining howassign points to eagh
student for all of the books that the student reals writes about during the summer
reading program.

Figure 1 Information and goal of the Summer Reading Rnwbl

Data collection and analysis

Data sources included audiotapes and videotapdkeothildren's group work and
classroom presentations. Field notes, children'skvebeets, and final reports detailing
their models and how they developed them were iatgmrtant data sources. The tapes
were transcribed and, for the present paper, agdljsr evidence of the mathematical
understandings and mathematisation processes hbathildren used in building their
models. To assist us in our analysis we used afraddversion of Carmona’s (2004)
assessment tool for describing students’ matheaidiowledge. We examined the nature
of the problem factors that the children chosedwser, the operations they applied, the
types of transformations they made through thesgadipns, and the representations they
used in documenting their final model.

Results

Prior to addressing the children's models, it ist@ommenting that over the course
of the three-year program, the children developedciuanber of core mathematical
understandings and processes. As has been reperted English, 2002b; 2004), the
children displayed cycles of increasing sophisibcabf mathematical thinking during the
course of problem solution, with each cycle demmatisig a shift in thinking (Doerr &
English, 2003). The significant social interactigdhat occurred in these cycles have also
been documented (e.g., English, 2002b). For thpepae focus our attention on children's
final models for the Summer Reading Problerwith the aim of revealing their
mathematical understandings and processes.

Table 1 displays children’s model development amtasentational forms for each of
five student groups. Thepresentational formatscluded the use of tables, text, lists, and
formulae. In building their model, children chosevtork with some or all of thproblem
factors namely, number of books read, variety of bookssatered, reading level of the
books, length of the books, student’s grade lesad, quality of written reports. Children’s

324



operationson these factors included assigning value pousg interval quantities, using
weighting, aggregating quantities, and using infarmmeasures of rate. One group of
children also imposed constraints on the use af tperations.

The ways in which the children worked with and @ped on the problem factors can
be seen in the children's written reports, which @produced next. In considering the
problem factors, it was the variety of books theteived the least attention. This is not
surprising, given that a measure of variety reguaeconsideration of several factors. As
one group explained, “With different variety of Wse—just say like if you read three
different variety of books in subject or level aages—just variety, so varieties include
level, pages, and subject.” It is interesting ttertbat all but one group created formulae as
part of their model, while only one group used &myn of a table (which they used in
developing their model but chose not to displaghiir report.)

The children displayed variousansformation processeas they developed their
models. Group 1 created new quantities (e.g., “Yeaeads 4 books”) and transformed
these into other quantities (e.g., “= 1 point”).oGp 2 quantified selected problem factors
(e.g., report quality) and also transformed quesitinto other quantities (through
aggregation). Group 3 quantified selected factgrade level, book reading level). They
also transformed quantities into other quantitidsenv they considered the difference
between the students’ grade level and the bookeglekl, and then determined if that
difference was a multiple of the student's gradeelleIn the comprehensive model
produced by group 4, the children quantified sdverablem factors and also quantified
the diversity of book reading. Finally, group 5 gtifeed selected factors (grade level, book
reading level, report quality).

Table 1
Children’s Model Development and Representatiorainks for each of the Five Student
Groups
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Group 1's Model

Dear Margaret Scott
We have found a solution to the problem you havengiis. Our information is below

Year 9 reads 4 books =1 point 8=4=2
Year 9 reads 5 books = 2 points 8=5=3
Year 9 reads 6 books = 3 points 8=6=4

325



Year 9 reads 7 books =4 points 8=7=5

9=8=5 8=8=6
9=9=6 8=9=7
9=10=7 8=10=8

(The group used the same pattern as was usecefgrdlde 7 and grade 6 reading books.)

Group 2’s Model

Dear Mrs Scott

We have found a solution to your problem.

We think that the grade of the book times by 10thed add the amount of pages to that.
After doing this you should look at the book regpede and if it is between an A+ to an
A- they get another 50 points, B+ to a B- 40 pqifs to a C- 30 points, D+ to a D- 10
points and no points for an F. The three scoresikhbe added together and that will be
the score of the book. We chose this way becaeggetison involved will easily get a high
score. There for lifting their high esteem and thely be encouraged to read more which
is the whole point of this activity. P.S the tatabre of all the books read should be added
up in the end and that will be the total score lbb&the books.

- The grade of the book x 10 A+ to A- =Hinis
- Plus the amount of pages in it B+ to B-46 points
- Add the grade of the book report C+ to €330 points

D+ to D- =20 points
E+ to E- = 10 points
F = 0 points

Group 3's Model

We have resolved the problem about the points .id8léehave come up with a fair point
system. We surround it by the level you read @bigts if you read at your level, 3 points
above your level 2 levels higher. You get four tsoihit is 4 levels above your level. You
get one point if it is one below your level. Yot zgro points if it is two levels below you.
We think this is the easiest way to reward thedcéid.

2 = year level

3 = above your level twice

4 = above your level 4 times

1 = below your level one times

0 = below your level two times

Group 4’s Model

Dear Miss Margaret Scott,

We have found a solution to your problem. But fiwstwill tell you our strategy. For every

book a student reads they would get 1 bonus pantbook. Next if they read three

different grades of books or more they would getibts. Eg. If a grade 4 girl/boy reads a
grade 4, 5 and 6 book then he/she would get 5 oiie gave points for the difficulty of
books by if you were in grade 6 and you read a gradthen you would get 3 points
because you half the grade. Although there is a ailyou can only read two levels below
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your grade to receive point and as many levels alibat you are capable of. If you were
in grade 5 and your read a grade 4 book you wotiltiget 4 points because you are still
halving it. But if you were in grade 9 and you readrade 5 book you would not get any
points. Because the book is too easy. We wentbygefor the lengths of books: 50-70 = 3
points, 71-100 = 4 points, 101-170 = 5 points, 2D = 6 points and 221 and up = 7
points. We also made a code for the written repastavell which is: F=0, D=1, C- =2,
C=3, C+ =4, B- =5, B=6, B+ =7, A- = 8, A=9 and A= 10. we hope this helps you
decide on how to give out points and awards dutigsummer.

Group 5’s Model

Dear Margaret Scott

We have formulated a point system to determineltseur your reading marathon. The

system works on a point basis. If you read a bbek is based for your grade level you
receive 10 points although if you read a book highan your grade level you receive 2
points for every grade level you read up and yquoihts go down for every grade level
lower. If you get an F for the report you don’t d¢eetnus points but from every grade that
goes up from F you receive one point.

Discussion and Concluding Points

We have examined the mathematical models consttiostex class of year 7 children
at the end of a three-year modelling program. @au$ here has been on the children’s
documented models for tlfBummer Reading Problemhere they were to develop a fair
rating system for awarding points to students pigiing in a summer reading program.
We have addressed the problem factors that thdrehilconsidered, the operations they
applied, the nature of the transformations they entmough these operations, and the
representations they used in documenting their mode

The different models the children generated rewkae range of mathematical
understandings and processes that they, themséiadsgdeveloped over the course of
working the modelling problems. For example, théldcbn debated which factors to
include in their models and how to quantify themguantifying their data they assigned
value points, used interval quantities, weightethedactors, aggregated quantities, and
applied informal measures of rate. In so doing, thddren created new quantities,
transformed problem factors into quantities, transled quantities into other quantities,
and quantified a measure of book variety/diverdfipally, they created mostly formulae
and lists to support their textual accounts ofrth@del construction.

While not documented here, the transcripts alsaveld how the children focused on
building their models from the outset, in contri@msprevious years in which they tended to
get bogged down initially in debating irrelevanntextual issues. The year 7 children also
made more use of examples and counter-examplesstifiyjng and questioning the ideas
they proposed. For example, group 4 commencedStimmer Reading Problemith a
child commenting, “Well, let's go over the posstlak like the number of books they
read... Well, the number of books they read is uphtom and what grades they do. So
there should be like one point of order for eacbkbthey read — like, one bonus point.
And depending on the grade, if they read a grad®ak they get 8 points — like, you
double it.” Another group member responded, “Budapends. If they're in grade 10 and
they read a grade 4 book, then they wouldn't regy any points for that.” Issues

327



pertaining to an older student reading a gradecdk veere also debated by all groups on
presenting their models to the class. Points affidation, justification, and argumentation
dominated the discussion. For example, Anne ardlied,grade 9 reads a grade 4 book,
the majority of grade 9s would be able to do a repetter than a grade fourer. And so
therefore, they'd get more points.” Jack disagraed explained, “Yeah, but it is all graded
for each grade. They're not comparing against e#oér; they're writing like a book report
for each grade.

In sum, the children's independent mathematicaitiroalong with the development
of their collaborative problem-solving skills, ovdre three-year program has provided
strong support for the inclusion of modelling ir fhrimary mathematics curriculum.
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