101 |
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Twenty year-10 students in a boys' prtvate school in Melboume were mtervrewea' mdtvza'ually while they
‘worked on algebraic tasks. The tasks.included solving -very simple linear equations and stmpltfymg

~ expressions. The taped interviews provide examples of informal,-and often misleading, ways in which many
students describe algebraic mampulatzon procedures Informal terminology (e.g., "You move the 2 over there .
and put it on top") was used successfully by some students, but for many others it was associated with
‘making mistikes. Students often appeared to be guided by memory of actions they might carry out rather
_than by general principles. They showed difficulties understanding the ways in which numbers can be used
for checkmg algebratc work and the purposes of basic algebrazc tasks such as stmplzfjvmg and solving.

In no part of mathematics is the tension between rule and understandmg stronger than in algebra Long- standmg-
research shows that error-free manipulation_is rare, errors such as 32=6, 4(+5) = 4n+5, (x+8)/(x+2) = 8/2 being

common (Carry, Lewis and Bernard, 1980; Kuchemann 1981, Foxman et al, undated). Other work has shown that
evén 16.year-old students whose mampulatrve skills are good have very little understanding of how to use algebra in
the processes of generalising, reasoning or Justrfymg statements (Lee & Wheeler,1987). Lée and Wheelér (1987)
have also pointed out the fragility of the connection that many students. make between arithimetic and algebra. There
are also indications of deep-seated misinterpretations of the meanings of algebraic symbols For example, many
‘students regard an equation such as 6s=p as a- descrrptron of a loosé association between quantities (e.g. a
. comparison of relative sizes) rather than as a strict equality between numbers. (Clement 1982 MacGregor 1991)
The tensions between rule and understanding are evident in all these instances.-

The focus of the present work is on performance in algebraic manipulation 1nvolv1ng several steps The context -
in-which the work is carried out is that of comparison between expert and. novice performance-in algebrarc
manipulation, in partrcular in solving linear equations and simplifying express1ons - Our research aiis to
‘understand how the additional conceptual awareness of experts develops and how it relates to performance skills
based on symbol movements: We seek to understand how students' understanding commonly breaks down in the
course of this development and how such breakdowns might be minimised. In the present paper, we present extracts
from interviews with Year 10 students which illustrate the following three aspects of this problem. : :

(i) Students seem to be guided by images of actions which are not related to underlying general principles. ThlS

is reflected in the language of actions and goals used by both students and teachérs to discuss algebraic

transformations. Some students demed that they work wrth general principles, but rather claimed that they could
“just see what todo.

(i) Students showed a lack of understanding of the rationale of using numbers to check algebraic results. The
extracts from the interviews illustrate three dltferent modes of checking Wthh use numbers in drfferent ways and
 there are probably others

- (n1) The purpose of algebralc tasks is unclear and students lose sight of the ‘aims as they work. Even wrthm the
purely symbolic tasks that are reported in this paper, one student wavered between srmplrfymg and solvmg,
' usmg actrons approprrate for one in the other.

The data used here was collected as part of an experiment focused on algebralc manipulation procedures used for
solvmg one- and many-varlable equatlons, and toa smaller extent, on the formrng of equatrons Two classes of



Year 10 boys (‘middie’ sets ina relatrvely good‘ school) were taught these toprcs for three weeks by the first author,
using a method in which the checking of procedures was an integral part of the work. Errors were immediately
rectified or discussed and students generated and checked. their own examples. Concurrently, some twenty of the
_students were being interviewed on video by the first author, one to one, on the material being taught, to expose
more fully their methods and the justifications: which they might have for them.
In this paper.we report extracts from interviews with two of the students, which illustrate behavrour that was
commonly observed. -About one half of the interview with Andrew is in Appendlx 1, a further extract is'in’
" Appendix 2 - and an extract from Steven's interview is Appendix 3. In the extract in Appendix 1, Andrew makes a_
manipulation error which was observed in several interviews. 'He knows that to "undo" the division by 2 on the
left hand side, he must multiply. However, he replaces the. drvrsron by multiplication, thus in effect muitiplying
the first term. by 4. An attempt to clarify the error.by looking at numerical fractions is made difficult by the
fragrhty of Andrew's knowledge of fractions. Andrew. checks a solution to an equation by substituting the number
found throughout the whole equatron and then repeating the steps of the algebraic solution with the numbers. In
~Appendix 2, we see Andrew using false cancelllng to simplify an expression and, as he tries to check it numerically,
‘possibly confusing simplifying with solving:- In: Appendrx 3, Steven shows a similar confusion and also illustrates
strongly how ﬂrs work is guided by i images of mov1ng numbers and symbols rather than by prrncrples

ACTIONS GOALS AND. PRINCIPLES.

Itis c]ear that perceptions of symbol movements play a part in algebrarc mampulatlon carried out by both experts

" and novices. For example, in a.recent study (Bell & Malone, 1992) of approaches to the reading and writing of

-algebraic formulae, students were asked to construct and select valid rearrangements of the formulae C =V + R (for
current, voltage and resistance), S =D+ T (speed distance and t1me) and A = B + C (three numbers). Later in the

test, they were asked to say whrch most closely descrlbed their way of thmkmg about these questrons

Look: back at the questlon on C V and R Tick the one or two of the followmg statements Wthh is closest to
the way you were thinking.

a. I thought which would be the blggest number, so the others would be d|v1ded rnto |t

b. I tried some actual numbers-in my head. :

-c,. I just remembered the formulae.

d. I thought the one on top of the rrght hand side would go undemeath on the other srde

Of the school pupils, aged 13-15, about 25% reported thlnkmg which was the b1gger number, 40% reported trying
actual numbers, 20% just remembered the formulae, and only 10% reported thinking of physical movement of the
symbols. But of the two samples of experts (teachers or prospectrve teachers in training) the great majonty reported
thinking of physical movements, and none considered numbers or sizes. (Bell & Malone, 1992). - -
In contrast to the Bell and Malone sample of students, the students we interviewed in this study seemed to think
' predomrnantly in terms of symbol movements. In Appendix 1. (interchange 2), Andrew makes a manipulation error
which was observed in several interviews. To "undo" the division by 2 on the left hand side, he replaces the
- division by multiplication, thus in effect multrplyrng the (f - 3)-by 4. When the interviewer tries to clarify what
has gone wrong (1nterchanges 10 - 31), note the confusion that is shown by Andrew between multiplying and -
_ d1v1drng, especially in the denominator (interchanges 11 -.14) and the interviewer's "action-oriented" language
: _(multlply, divide, throw away: interchange 15). In discussing algebraic manipulation, most of our language is like
this, stressing goals and actions, rather than the principles involved. We do not seem to have alternatives readily
_available. :~ We had- hypothesrsed that differences would be observable between the students' and the. .
-~ interviewer/teacher's language, in that students' language would be purely descriptive of the surface aspects of the
' procedures. (e.g. "Move the 3 over here") while the teacher's language would refer to underlying prrncrples and -
‘justification (e.g. ""We must do the same thing to both sides, to keep the balance"). Study of the complete .
- interview records shows that both teacher and students spoke primarily in:terms of surface aspects of symbolic
procedures, although the teacher's. talk contained the additional dimension-of validity or justification, drawing a
- distinction between the goal (e.g:, "I want to get rid of the 3 in the denominator") and the method of achieving that
‘goal (e.g., "1 will multiply both sides by 3"). The students' talk often referred only to the goal, and when a general'
“rule was quoted, which was not often, it would be expressed in terms of "what you have to do" rather than whatisa -
valid operation on the equation or fraction. Both teacher and students speak_about_ symbol movements such as
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gettmg rid of the denominator”, but for the teacher there is a distinction between- goals and valid methods for
_moving towards these goals whereas for the students there appears to be no such distinction. -
All of the errors seen in here in Andrew's work were common to many of the subjects. We. sought for clues as
" to their origin in the language used. Note, for example, that when Andrew was asked if he was using a rule, he does
not speak of doing something to both sides but says he was "times-ing everything along there by 2" and says he is
not sure - whether he should multiply the f term (interchanges 7 - 10). He appeats to have a visual image of what he
_ should do rather than an explicit rule to apply. Another boy said of the 2 in the denominator, "It's divided, so you.
" have to multiply”. Other boys' words and handwaves seemed to suggest that it was that particular 2 on the bottom
which was being used to multiply the top (or to multlply the number on the right hand side), so it was thus felt to
have been appropriately used up and did not still remain as a denominator.
The interviewer frequently asked the boys about the rules they used. Most of them denied havmg any rules
governing their manlpulatrons, as for example does Steven in Appendlx 3, 1nterchanges 2 - 4. Another boy, in a
. similar situation, said " No, T just do it.. Rules just go rrght over the top [of my head]." One of the few boys who
did talk about doing things to both sides of an equation actually failed (or forgot) to do so. He professed to
- subtracting 4 on each side, then "times-ing" both sides by 3, and in both cases actually did it on]y on the left hand
side until reminded. by the interviewer. He also collected terms onto one side by simply moving them, that is, by
bringing a term-to the other side of the equation without changing its sign. It is clear that the ability to state a
correct rule does not guarantee its correct application. Rules need to be taught along with discussion of the ways in -
which they may be apphed ‘with exposure to possible errors and, of course, with practice.

v USING NUMBERS TO CHECK ALGEBRAIC PROCEDURES.
During the twenty interviews, many students showed they were confused about the different ways$ in which numbers
are used to check the results and validity of algebraic procedures In fact, there are several conceptually different
ways in which this must be done and three can be seen in the extracts from interviews in the Appendices. In the
first segment of the interview with- Andrew in Appendix 1 (mterchange 4) we see an instance where a solution of an.
equation is being checked. The checking procedure that Andrew uses, which is to repeat the complete solving
process with numbers, fails because Andrew repeats his algebraic error with the numbers. A similar checking
procedure was also observed in several other interviews. Later on (Appendix 1, interchange 15 et seq), we see a
quite different use of numbers for checking algebra, when the interviewer tries to illustrate, almost by analogy, that
when (f --3)/2 is multiplied by 2, the answer is not 2(f - 3). Unlike the equation solving where only the solution
is to'be used in the check, the interviewer chooses-an arbitrary fraction, in this case 3/4. Andrew's vagueness may
indicate that he does not comprehend the relevance of the interviewer's questions about 3/4 to his problem about (f -
3)/2. The reference to a numerical fraction was an attempt by the interviewer to find some basis for demonstrating
“to Andrew that this was an incorrect operation and to enable him to replace it by the correct one. It ran into trouble
because his conception of fraction multiplication by an integer was faulty - he thought you multiply both the top
- and the bottom. This -error is also shared by many of the Year 10 students interviewed. However it is worth
* noting that this does not correspond to Andrew's algebraic misconception so, on this evidence, we see that he does’
not perceive a link between the arithmetic and the algebra. The attempt to link with the real-life srtuatron of four
times 3/4 of a cake does not go easily either; it does not seem a natural recourse for him. :

Andrew's interview continued (Appendix 2) with questions about simplifying expressions. He appeared at first
(interchange 2) not to be entirely clear about what this meant, and how it was different from the prevrous kinds of
manipulation (i.e:, solving equations).  Note how the checking that he is doing here uses. numbers in yet another
way. Andrew does not appreciate that any number will do for checkmg whether something is an identity (in this
case whether (2x+6)/3 is equal to 2x+2). In fact, to be precise in this case, any number other than the solution of
. the equation’ (2x+6)/3 = 2x+2 will do, but by the end of the ‘episode, Andrew seems to be searching for this
solution.

After the twenty interviews with boys from the middle Year 10 sets, six further interviews were conducted with
boys from the top set of the same year. Some of them used the same language as the boys in the first sample, and
made the same mistakes though perhaps not so frequently. The most noticeable difference was the much more ready
way in which they recognised and were able to p1ck up and use the checking and verifying procedures suggested by
the interviewer. .
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SOLVING OR SIMPLIFYING Lo N

Arndrew made a false cancellation: of the 6 and the 3 (Appendlx 2, mterchange 4) He was then guided: by the
intérviewer through a checkmg procedure; substituting a number for x. He appeared not to understand the rationale.
for this initially, but did agree_that the numerical result from the two-expressions should be the same. But when

they were not, his: suggestion for remedying the: situation was to try a different value for x; only to find that it still
doesn't work out. (interchanges 12 - 13)° Note the language here; he appears now to think that the task is to-solve
-an equation, i.€. find a value for & which will equate the two expressions. Simplifying has mutated to solving;,
.during the cheekmg episode. Steveir also shows (Appendlx 3, interchanges 6 - 10) how symbol moves which are.
appropriate o’ s1mpllfymg tend to be: employed ina solvmg situation, although there are other. explanatlons for
these moves.

CONCLUSIONS :
To summarise, we suggest that major causes of errors in manipulation i in. algebra for these students include the rules -
about how to "move" numerals-and' letters, that they have developed by generallsmg from simple casés in early
algebra learning and now. remember as actions to be carfied out, rather than as principles. ' The memory of spatlal'
patterns associated with the fraction bar and the: equals sign, which: guide experts, can easily be misused by novrces '
Even when verbal rulés aré remembered by rote they may be given no meaning, and therefore be unusable. .

The lmplrcatrons for teaching are, we suggest, that there needs to-be much more exploratory work; in wh1ch
possible rules and 1nterpretat10ns are experrmented with and their validity checked by such methods as substituting.
numbers.. Explisit attention needs to'be directed to the different underlymg logic that is irivolved when numbers are

-used to check algebra. There needs also to be; of course, practlce to gain ﬂuency but checkmg in‘its many forms
,should be built in'as a natural part of the task.- : '
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Interview with Andrew

". Can you solve this equation?

Andrew, working silently, multiplies all the terms of the equanon but when
multiplying the fraction, multiplies the top as well as removmg the 2 in the

denominator.

€ 1’ L b —.’L
gbg,f% b
10b- Vh’
\’b

g\

, Rxght will you now check your answer?
-When he comes to chéck the solution, A. writes the whole equation, mcludmg the

right hand side, and repeats his solution procedure. Thus his check repeats his error.

. ' - T~
LM.-—-—E ) C,.ﬂ‘L
C* ‘51.
. Il’\ i :

Oh, so you ve got 4=2. If you are checkmg, do the left hand side on its own hke this
(Intervnewer indicates one side of the equation and writes LHS = on the left. '
A crosses out =2 and starts a fresh check, workmg out the LHS only, but still

perfomrs the same operanons

I‘J

B 146’3.
Y

 This doesn't equal the right hand side so I asks
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Have you any idea whats wraong? (Little response) Look “here, (pomtmg to the. top
line) you had f-3 over 2 and in the next line you had 2f -6: What equatlon niile
were you using at this. pomt" S

1 was times-ing everything along there by 2 (waving hts hand ‘over the whole

equation). ,

You multlplled everything there by 2 ,

I'm not sure whether I 'should have multlplred the f or not by2. . .
Well you've multiplied the 4f by 2 and the rlght hand side by 2 and that's all correct.

But multiplying this fraction by 2 you've done wrongly You multiplied the top by 25

and what have you done with the bottom"
Multiplied that by 2 .
But that would be 4, wouldn't it?

But isn't that divided? -

(Pointing to the very first lme)What this says is, f 3 dlvrded by 2. You've multlplled v
it by 2 and thrown away the bottom.- - That's equrvalent to multlplymg the top by 2
and.dividing the bottom by 2.

If that was a fractlon like 3/4 CIFL multlply 3/4 by 4, what.do 1 get"

12716 _ ‘ \
() 2
A& AR (4

| Whats the value of 12/16'7 ]

3/4

- Well if that.s equal to 3/4, it can't be muluplted by 4, can 1t"

Think.of it in real life, ...in ordinary language, what is 3/4 times 4? -

" No response. - ’
3/4 of a cake, multiply it by 4, how much cake would you have" :

You'd get four 3/4s.

; How much would that be altogether" '
‘It would be 3.3 cakes. - -

How many quarters altogether" '
16. S
How many. quarters in 3"

2.

So when you do thrs(3/4 X 4 ) this had, better be 12 quarters, or 3. (I'writes: thzs)
So what does this have to come to" What rule should 3 you use when you are. WOrkmg

"this out? - -

Multiply the top. (Lookmg at'the writing from mterchange 1 6 as above and companng ‘.
with the 12 just written in interchange 29.) '

~Yes, so when you multiply this ((f-3¥2) by 2 you multxply the top by 2 and leave the

bottom. That's what wént wrong here (pomtmg to the top line agam) So that sorts
out an important problem for you ' : '
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Appendix 2: ~ Andrew's interview continues.

L(1) ' ‘Now can you simplify that? i.e. (2x+6)/3

A(2) What? Do you mean like I did the last one?
I(3) . - No, replace it by a simpler expression.,. Jlike if I said 4/2, and asked you to snmpllfy
o that.

) A@) " A" cancels 3s from the 3 and the 6 and gets 242 over. 1 then 2x +2

”.'Zx‘;g- 122t
= Ol

L(5) Could you put a value in for x in this, and in thls, to check"
A.(6) A puts in 3 and does as before, gemng 8.
aut? .
Lat =g
LD ' Is there any other way you co'uld work this out?
. AB) ’ Do you mean with an x or something?

He works out (2x+6)/3 getting 12/ 3 and then 4. .

fes(

!}' \'T

LO) vShould this be the same"
A.(10) Yes. -
L(11) What's wrong?

A(12) "~ You could try pumng a smaller number, to. get it smaller put l instead of x.
He does this and of course the expresswns still do not tally. o

LA3) -+ Soitstill doesn't work out.
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Appendix. 3: Extract from Steveh'a interview.
Ly ~ Presents Steven with this equations and asks Any ideas?
= :"_‘:*Z-“ o

% 3

Steven. (2) -‘Yes. Put that in brackets and multlply that by 3, and multlply that by 4
‘ * - He points to the left hand side and the right hand side in turn.

- 1L(3) : Do you have any rule that you are usmg for that? Like cross multlpllcatlon or
» somethlng”
S.(4) -~ No, T just know that - you know (Pomtmg with hls f inger to the two sides. )
L (5) . _Intervzewer 1 gives him a new equanon Would you do the same thing here?

a3 - ‘”.a +1

S.(6) I think I would. -
o zaand )
o~ 3 haa B4\
S()  Would that equal zero, 9497
L(8) How do you mean?
8.9 I think that -9 +9, oh!I think that's where I made my mistake.

CL(10) ~ Yes, you've added the things on the two sides.
v T You have to think of this as two equal things on the two sndes
Pointing to the two sides of the equation. s

S.(11) - I'was thinking you add them together. ’
.2y - . Yes, but if you add 9 to this side, you've got to add 9 to that snde as well.
S8.(13) = - Yes. Ithink I know where I've gone wrong. '

L(14) . Yes, we can sort that out. There s somethmg gone wrong up here too. -
: - L. points to line X. '
- When you do this multlplxcatlon across like this it's only going to be valid if you can
justify it by saying you have multlplled both sides by the same thing, and I don't

- think you have.
L)) Oh - I understand.” So I have to multiply this by 3as well Pomtmg to 4a + 2)
1(16) ~ No, what we have to do is multiply both sides by 12 .and we've got to multlply this
. (pointing to the | on the right hand slde) by 12 as well.
S.(17) - So this has gotto be12.

He turns the 1 mto al2 and contmues
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(o) = w(an) *1)
U2z by 8 NLH
‘1\ Aas 'n*"ﬂ

S. (18) So I've just got to add 9 to this and to that...now I ‘minus: thls one (pomtmg to the 4a )
I(19) - Yes. '
. thh some help, Steven works this out and reaches -a= 29 answer @ = -29: then,
with more help, makes a correct check:




