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This paper considers the role of content knowlealyeg pedagogical content knowledge in
the teaching of probability to Grade 5 studentsssbas of two teachers were studied to
determine the activities and teaching strategiesd us bring out ideas associated with
chance, and examine how probability understandindeiveloped in class. The lessons are
shown to be rich in deep probabilistic ideas. Thmglex interplay between these concepts
was sometimes handled well by the teachers, wheneasther occasions gaps in content
and pedagogical content knowledge had the potédoteduse misconceptions for students.

Since the 1990s much research attention has focaosethe pedagogical content
knowledge of teachers. At the same time, chancedatal have become more significant
components of the curriculum, particularly at tmem@ary school level. This report takes a
closer look at the way two teachers use both comatet pedagogical content knowledge to
help Year 5 students develop key concepts in piibtyab

Background Issues

Pedagogical Content Knowledge and Probability

As is now well known, the idea of pedagogical cahtenowledge (PCK) was a key
tenet of Shulman’s 1986 paper on teacher knowle@ges construct, with its focus on
knowledge for teaching a particular content domigimard to study, not least because it is
best exhibited in the dynamic environment of thasstoom. It manifests itself in the
choices made by teachers about teaching matendlgadivities, in teachers’ responses to
student questions, in knowledge of typical studemiceptions, in teachers’ explanations of
concepts, and so on. Another reason that it iscdlffto study is because of the degree to
which PCK is intimately associated with content Wiexlge (CK). Marks (1990) illustrates
the problems this causes for any attempt to caiegan instance of teacher knowledge as
either CK or PCK, and highlights the ambiguitiesAmen them.

For the probability content domain, since the platehance in the curriculum was
established only recently and research on studemiderstanding is still so limited,
teachers have had few opportunities to be assistédeir development of appropriate
PCK. This is particularly true for primary schoasince most research has considered
secondary and tertiary level students and protloiiincepts. Garfield and Ahlgren (1988)
provide a comprehensive overview of the issuesy Teeommend that teachers “introduce
topics through activities and simulations, not edxgions; ... recognize and confront
common errors in students’ probabilistic thinkingnd] create situations requiring
probabilistic reasoning that correspond to studenésvs of the world” (p. 48). Garfield
and Ahlgren also cite the studies of Green andhBisin that suggest there candezlines
in probabilistic understanding over time becausthefcomplex interplay between intuitive
understanding and educational experience, implyihgt experiences that develop
appropriate intuitions are particularly importaggpecially at the elementary level. In order
to provide these, teachers require significant eaindnd pedagogical content knowledge.
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That this can be problematic is shown in a numibstuaies (e.g., Carlson & Doerr, 2002;
Watson, 2001)

Elementary probability is characterised by limifgdcedural techniques, yet there are
deep conceptual issues to address. Significant gntioese are the ideas of long-term
probability (i.e., probability as a long-term phemenon), variation and random behaviour,
sample space, likelihood, and fairness. Watsongpg0¥es an extensive account of issues
associated with these and other topics (see also &Williams, 1999). Establishing the
idea of probability as something that quantifiekelihood and long-term behaviour
requires time, as shown in the extended seriesesdohs conducted by Brousseau,
Brousseau, and Warfield (2002). Teachers may thayg ¥ as a costly procedure given the
crowded curriculum (Carlson & Doerr, 2003). Theadef sample space is a central
component of quantifying likelihood, and is ofterfagus of early probability activities.
Variation and randomness are central to probabhilitglerstanding, yet seem to contradict
the idea of likelihood, since likelihood quantifiseme constant attribute while variation
recognises the randomness attached to that consiam@t consequence it can be difficult
for students—and teachers—to integrate these twaegis, as shown in many studies
(e.g., Watson & Kelly, 2004). Finally, probability central to understanding about fairness
in games, and although students may have an weuithderstanding about this, for some
fairness is associated with consistency in behaviather than equally likely outcomes
(e.g., Watson & Chick, 2001; Watson & Moritz, 2003)

The Present Study

In light of the probability concepts discussed ahoand mindful of the challenges
inherent in conveying them, it seems timely to lakhow teachers use their content
knowledge and pedagogical content knowledge irhiegahese topics. This paper reports
on a study of two teachers who each presentedrapkEssons on chance to their classes
of Grade 5 students. It seeks to answer the foligwjuestions:

1. What key probability concepts were brought outhia essons?
2. How did CK and PCK influence the ways in which te@ag activities were used?
3. How did CK and PCK influence the teaching of keghability concepts?

Methodology

The present study was part of a larger project @xam teachers’ PCK, which
involved observing and video-taping pairs of lesstor a number of teachers. This report
focuses on two Grade 5 teachers, Irene and Gregeare pseudonyms), who conducted
pairs of lessons on chance. The teachers weretfrersame school and were teaching their
own classes; they had also collaborated about sdriee things that they planned to do in
the lessons. During each lesson, the video-canwlawkd the teacher, who wore a
microphone, and field notes were made by one dr bbthe authors.

The video data were analysed by the two authodetermine key points at which CK
and/or PCK were evident in relation to probabililyderstanding. These instances were
grouped using the probability themes above andysedl for commonalities and
differences (cf. the method of analytic comparisdeuman, 2003, p. 456). In particular,
the way in which the chosen activities could be wede used to bring out key probabilistic
concepts were noted, along with other critical motse
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Results

Despite the fact that only two lessons were obskfoeeach teacher, they were rich in
their consideration of chance concepts. We begigilang an overview of the lesson pairs
for each of the teachers, to indicate the chronotdghe lessons and the types of activities
used. We then look at the key probability conceptd the way in which CK and PCK
impact on their development in the hands of thehegs.

Overview of the Lessons

Both teachers involved their students extensivalythieir lessons. Irene had a very
effective and seemingly effortless questioning teghe in which she was able to draw out
from the students the ideas that she thought wepertant. Greg used brainstorming and
guestioning too, but appeared to have to “work &drtb achieve the outcomes he wanted.

Figures 1 and 2 give an overview of the contenthef lessons taught by the two
teachers, showing the activities used and theirceqimate duration. Both teachers used
the same spinner game and worksheet page, which tam a textbook and its associated
teacher resource book (Feely, 2003a, 2003b). Theepgame involved two spinners
divided into equal parts, labelled with the numkie& Students spun both spinners, and if
the sum of the two numbers was odd, player 1 wpniat, while player 2 won a point if
the sum was even. The first to 10 points won theegéStudents were instructed to play the
game a few times, and then decide if it was agame. The “Odds On” worksheet referred
to a standard pack of playing cards, asking forctrences of certain outcomes.

Duration Section Description

Lesson 1

10 mins  Brainstorm Whole class brainstorming sesalwut chance related words and
activities in the context of an unlikely weatheesario.

8 mins Fruit in the hat  Irene puts different kirdgruit into a hat and discusses likelihood

of pulling out certain items, initially using chanwords (whole class
discussion). Irene introduces writing probabilitgtirematically,
using number of desired outcomes and the samptedpafruit in
the hat, while linking back to chance words.

35 mins  Coin tossing anth pairs, students flip a 20c coin 100 times arwbre the number of

spinner game  heads and tails. Results are discussed with referenexpectation

and variation. Fast finishers start the spinnerggam

6 mins Spinner game Students begin playing the game when they havehiad their 100

discussion coin tosses; later the class discusses whetheatine is fair.
Lesson 2
3 mins Revision of Brief whole class revision of chance terms usetthéprevious
likelihood lesson, and of mathematical way of writing downlyadailities.

45 mins  “Multo” game  Students write 16 numbers lestw0-99 on a 4x4 grid. The times
tables from 0x0 to 9x9 had been written on slippager and are
drawn from a box. The first student with four incav wins.

15mins  “Odds On” pageStudents work individually while Irene moves arouhe class.

Figure 1.Overview of Irene’s two lessons.
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Duration  Section Description

Lesson 1

7 mins Brainstorm Class brainstorming about chaalzed words and activities.

15 mins  Leastto most Students write down events likely/unlikely to happeefore the end
likely of school, and then arrange these from least ta likesy.

7 mins Discussion on 3Three spinners, one divided evenly into four cadptine other two
spinners with uneven divisions, are discussed in terms iohéss and the

likelihood of certain colours being spun.
15 mins  Spinner game  Students play the game, distassion follows on the fairness of

the game.
6 mins Game for houseNumbers 1-9 are drawn, students use these to feoddigit
points numbers. The winner has two numbers with the sistalliéference.
Lesson 2
22 mins  Spinners sampl&reg guides the class in determining the sampleespfthe spinner
space game and the probabilities of even and odd results.
4 mins Weather Discussion of determining probability of certainatleer conditions

probabilities (follows from a student comment in previous lesson)
20 mins  “Odds On” page Students work individuallyi Greg moves around the class.

Figure 2.0Overview of Greg’s two lessons.

CK, PCK, and Chance Concepts

In this section we look at the way probability cepts were developed in the lessons.
This discussion is not exhaustive, but is intentbeflighlight some of the critical events
during the lessons where concepts were particuddidgted by teachers’ CK and/or PCK.

Long-term probabilityThere were two significant occasions at whichitiea of long-
term probability was apparent. The first was im#&'s first lesson, in which she devoted
half an hour of lesson time to getting pairs ofdstuts to toss a coin 100 times. This
resulted in 1100 outcomes for the whole class,vaasl an appropriate activity for talking
about “50:50” as the probability of getting heads &r conveying the idea that numerical
probability values reflect long-term behaviour. Tthee spent on this activity, while much
less than the time spent drawing samples in theofes described by Brousseau et al.
(2002), was still sufficient for developing thesmcepts and seemed to reflect PCK about
establishing these probabilistic ideas. Indeedielrand one of her students had earlier
discussed the need for suitable sample sizes &r todestablish results. At the end of this
activity, unfortunately, Irene placed value on th@comes that werexactly50:50, and
attributed variations from this to flaws in the m®i

The second occasion associated with long-term pitityaoccurred for both teachers,
because of the way in which they used the spinaareg A full analysis of this game—
which Greg actually did in his second lesson, aciileed later—shows that the game’s
bias towards even outcomes is minuscule: 41/810t814 The students did not play the
game long enough for such a margin to be evidettinyboth classes students expressed
the belief that the game unfairly favoured evercontes. This unjustified belief may have
been based on the incorrect sample space argunantas proposed by numerous groups:
that since odd+odd and even+even both give evers sumreas odd+even does not, then
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even is more likely to occur. Having argued thiadents may then have been more aware
of the even outcomes than the odd ones.

Variation and Random Behavioulhe concept of variation only arose in Irene’s
lessons. Early in the first lesson Irene askedetlstadents in turn to draw one item from
the set of 2 grapes, 2 lemons and 2 apples (witlacement). She elicited from the class
the idea of “expecting one of each” type of frudrh the three draws. When the outcome
differed from this, with 2 grapes drawn, she highted that with chance “we cannot say
for certain what will happen”. This recognition of variationas in contrast to what
happened after the coin tossing, where she emgatiat the variations from getting 50
heads and 50 tails with 100 tosses were due tothewoins are tossed and, even more
significantly, to the wear and tear on coins.

In her second lesson the students played “Multeé (Bigure 1), and came to realise
that choosing numbers with more factors would iaseetheir chances of winning. After a
few games Irene asked the class “Is it completetit Wwhether you win this game or not?”
A student responded that it is half luck and hkilf,s0ecause “you get lucky when you pull
out certain numbers, but you can put down numbéifs nvore factors on the grid”. One
student suggested that if you choose numbers witlmany factors then you will not be as
successful. Another student suggested that it nsostt completely luck. This student
explained that although he could increase his amonsiderably through his choice of
numbers, another student who had not chosen stulbpuld still win. This difficulty of
reconciling long-term probability and variation waft unresolved.

Sample Spacé&Vhile conducting the fruit in the hat activity, fre discussed the sample
space—although without using that terminology—argkdu the concept to develop
numerical expressions of probability. This discossincluded expressing certainty and
impossibility. She also discussed the two optiarscbin tossing and related this to “half”
and “50:50”. Later in the same lesson, after tharsgy game had been played, one of the
students claimed to have counted the possibilitigke spinner game to get 38 even and
35 odd, which suggested that he had been considé¢hie full sample space albeit
inaccurately. Unfortunately, perhaps because of thonstraints, this was not discussed or
explored further. In fact, although there was satisgussion of the possibilities for the
spinner game, this received only limited invesimain Irene’s class.

Greg, on the other hand, prompted by a realisatidms first lesson that it might be
useful to write down all the possible outcomeshef $pinner game, devoted nearly half of
his second lesson to this exploration. He was dagcted in his instructions to students,
suggesting systematic ways of recording the outsosnehat they would all be noted. This
approach seemed to dominate his own thinking, lsscavhen a student proposed an
alternative strategy, he seemed certain that tindest was wrong (which was true), but
unsure of how to explain why or develop the stratieio one that would work (which
could have been done to good effect). During thigaration Greg asked the students to
work out the probabilities of some specific outcemehich simultaneously helped to
highlight the need to enumerate the sample spadke wthdistracted from the original
question of determining whether even or odd outcomere more likely. This seemed to
complicate the lesson for a while, but eventudily totals of 40 odds and 41 evens were
identified. At this point, the “evens” outcome wstaited as being more likely, although
there was no discussion of the marginal differehetween the outcomes, nor to
emphasising that quantifying outcomes helps detegrikelihood.
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The idea of sample space arose on two other octsasitne “Multo” game in Irene’s
class led to discussion about numbers that are meeéul to use (i.e., those with more
factors, which thus have more occurrences in thefsemes table cards) and those which
are impossible (e.g., primes bigger than 7). Iremeouraged students to consider numbers
that occur more frequently, but did not explore gogntitative differences in likelihood.
Greg also considered sample space in an informgl prampted by a student’'s comment
about the probability of certain weather conditioos a Wednesday being 1 in 7
(presumably based on Wednesday being one day ankewreg had the students
contribute to a “sample space” for weather condgjowhich ended up being quite long
especially when he allowed for the fact that corabons of conditions are possible. He
used this list of “all these possibilities” to higjint why the appropriate value for
probability was not 1/7.

Likelihood. Irene introduced her first lessson with a classcusion about the
likelihood of it snowing, during which the concegitlikelihood was developed with rich
and rigorous use of language. Through careful quesyg, she encouraged students to
justify and clarify their claims, and to be precasout what event was being considered.
She then built on this in the activity involvingepes of fruit drawn out of a hat. She began
by using the sample space to ascertain the liketlhaf certain fruit being drawn, using
language such as possible, impossible, and likedyie used this as an introduction to
quantifying probabilities. A strong connection bdth the sample space and to chance
language was retained during this activity, anddrhighlighted the importance of one and
zero as certain and impossible. Unfortunately, timk seemed to be lost later. In the
“Multo” game in her second lesson, Irene encourdbedstudents to consider numbers that
are more likely, such as numbers with lots of fexstbhowever, this was never quantified.
Subsequent class conversations suggested thatutients may have been left with an
exaggerated sense of the likelihood of such numbers

Greg had a similarly strong introduction to likeldd concepts. The brainstorming
session at the beginning of his first lesson, fedld by the least to most likely activity,
gave students an opportunity to compare eventsieat very close to impossible or
certain. However, Greg’s initial attempt to plaagaqtifiable events on a numerical scale
was problematic. For example, he concurred withlestti suggestions that, on a spinner
evenly divided into four colours, the chance ohsioig a particular colour was “even” or
“50:50", and he then placed this event halfway leetvimpossible and certain. In this case
Greg seemed to be recording the probability of@rent compared to another event, rather
than the absolute probability of that event. Lavenen discussing the two spinners game,
Greg led his students through using the sampleesjgacalculate numerical probabilities of
certain numbers, and thus address the questidreafame’s fairness. However, at no point
were these quantified probabilities discussed mseof the language explored in the
previous lesson, so there was no opportunity fadestits to understand the meaning of the
very small difference between the chances of “ew@rfodd” winning the game.

Fairness. The complexity of the “fairness” concept was apparin the lessons. A
couple of students in Irene’s class felt that agasrfair provided you play by its rules, but
Irene highlighted, with the elicited support of etlstudents, that the structure of the game
can favour one outcome more than the other thusngaikunfair. Towards the end of her
second lesson Irene contrasted the spinner gaméhVantb” and pointed out to the class
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that whereas some games are “more fair” than othé&ssometimes possible to increase
your chances of winning by having more knowledgedyyothinking carefully.

Greg also incorporated discussion of fairness m legsons, firstly by considering
single spinners coloured in different proportiohkere it was suggested that all colours
needed to be present and in equal proportionshéospinner to be fair, because no colour
was more likely than any other colour. Later in #ane lesson, with the actual spinner
game, there was considerable discussion of theefssrof the game, using arguments about
what was more likely to occur. As noted earliemsideration of the full sample space in
the second lesson resulted in the final deternonatif the game’s fairness, with a brief
acknowledgment that since “even” was more likelwio the game was not fair.

Discussion and Conclusion

The results depict the complex interplay among epte(as seen in the fact that some
teaching episodes involved two or more probabiiiycepts), the challenges associated
with teaching these concepts and the relationsameng them, and the importance of
content knowledge and pedagogical content knowledgmh teachers had chosen
activities that would be rich mathematically, calesing the language of probability, the
meaning of likelihood, the quantification of prolidip, and the idea of sample space. The
teachers’ PCK was evident not just in the choicadivities, but in the ways that they
were able to link concepts to students’ experie(eg., in Irene’s extreme weather
example, and in Greg’s “least to most likely” attyiy and to other mathematical content
(e.g., Irene’s use of “Multo” which involved consmtion of factors). The teachers’
approaches varied, with Irene giving students grelaéedom to think about concepts and
holding rich discussions with groups and individu&breg provided more direct guidance
to students about what to do and, perhaps becausa$ at the limit of his own CK, had
more difficulty exploring students’ ideas when tlusyiated from his own.

The complexity of pedagogical content knowledge padicularly apparent in the use
of the spinner game. This activity came from thacker guide for the mathematics
textbook used by Grade 5 students in the scho@lyF2003a). When the authors saw the
associated activity sheet for the first time itkags a while to realise all that it offered,
including opportunities to explore sample spacea;néss, long-term probability, and
likelihood. Each teacher utilised various aspetth® game, with Greg getting his class to
go further with the analysis and the issue of tra@e space. In fact, Greg’s decision to do
this was madeluring the first lesson, rather than planned in advapeesumably since he
now realised the opportunity that the activity afed to do this. This may well have been a
moment during which Greg’s pedagogical content Hedge actually developed. Irene, on
the other hand, spent less time on sample spadeafpeebecause of lack of time), but was
more careful in her description of fairness, usigrds that would help her students
understand its meaning. It seemed apparent fronkes®ns that neither teacher had used
the activity before, so it would be interestingstee the way in which they use it in the
future. Moreover, the teacher guide gave veneligilidance about what the activity offered
probabilistically and how to bring it out. It fadeto mention two significant problematic
aspects: the small difference in the probabilitythed outcomes and the fact that the most
obvious false argument (odd+even=even, and soeausl|to the correct conclusion. The
question of how to adapt activities to address lprob like these and to meet student and
curriculum needs is an important one intimatelykdich with pedagogical content
knowledge; unfortunately this could not be expldiwther with the teachers.
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The important role of content knowledge in PCK va#s0 evident in the lessons. On
many occasions this was positive, as when Irermudgsed the numbers needed for reliable
survey results. There were also occasions whenrigxtocontent knowledge was evident,
such as Irene’s belief about why an exact 50:5Qlrekmes not occur. Greg’s discussion
about weather probabilities not being “1 in 7" skeawhis content knowledge, but also
revealed the complexity of deciding how much tolaxpto students (since it is not just
that there are many different weather types, bat fome are actually more likely than
others) and the difficulty of actually explainirtgn a way suitable for Grade 5 students.

These lessons show that quite deep probabilityeqaiscan be considered in Grade 5.
They also highlight the complexity of the conceptsd the importance of having teachers
with appropriate content and pedagogical contentwkedge. The key probability concepts
identified above need to be understood by teadhermselves, plus they must be able to
recognise which activities will foster such undansting in their students and how to bring
this to the fore in their lessons.
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